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There is a way out of every box,
a solution to every puzzle;
it’s just a matter of finding it.
JEAN-LUC PICARD
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Abstract
This doctoral dissertation discusses the capillary-driven breakup of various low
viscous non-Newtonian liquid filaments. A liquid filament is destabilised by
surface tension that drives the free surface to minimise its surface energy by
forming spherical droplets. The thinning dynamics during this free-surface flow
are determined by the dominant resisting stress, which depends on the relative
magnitude of fluid properties such as density, viscosity and elasticity.
Since a homogeneous uniaxial extensional flow field is generated during the
pinching process, free-surface flows are used as a characterisation method for
the extensional rheological properties of low viscous liquids. We have enhanced
the performance of the commercial Capillary Breakup Extensional Rheometer
(CaBER) that creates an unstable liquid bridge by rapidly stretching a droplet
of fluid between two plates and monitors the filament radius with a laser
micrometer. The spatial and temporal resolution of the setup is improved by
using a high-speed camera equipped with a custom-made microscopic tube lens
to follow the filament thinning. Moreover, the image processing routines are
substantially improved by employing advanced edge detection techniques to
locate the position of the filament edges with sub-pixel accuracy. The code is
used to determine polymer relaxation behaviour during the pinching of inkjet
printing model fluids performed with an extensional rheometer at Cambridge
University. The software was able to quantify the relaxation times in these
fluids of λ = O(100 µs), which are the smallest relaxation times that have been
reliably obtained in capillary breakup experiments.
The CaBER setup is further used to study two model complex fluids that
display an opposite stabilisation effect on a filament. First, we examine the
breakup dynamics of long stable jets of weak viscoelastic fluids. Unforced jets
of three model polymer solutions are studied over a range of jet velocities,
which all display a similar temporal evolution of the capillary instabilities. The
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instabilities arise in a stable zone after the nozzle at wave numbers that are in
line with predictions from linear stability analysis. This zone is followed by a
short inertia-capillary regime where the flexible polymer chains are efficiently
unraveled, resulting in strong non-linear elastic stresses that stabilise the
filament during the important elasto-capillary regime. In this regime, the
minimal filament radius decreases exponentially in time with a time scale that
is proportional to the relaxation time λ of the fluid. By comparing the thinning
dynamics during jetting and static CaBER experiments we observe a new time
scale θ = 2λ, which implies that jets breakup faster than static liquid bridges
of the same elastic fluid. This new scaling is theoretically explained with a
stress balance over the filament, where the creation of surface below the nozzle
generates a constant tensile force in the jet. Numerical simulations of the jet
breakup with a non-linear dumbbell model (FENE) are in agreement with the
experimental observation by selecting a proper value for the initial deformation
of the polymer molecules.
The drop formation of non-colloidal suspensions in a Newtonian matrix is
examined as a second model system, in which the filament is locally destabilised
during the pinching process. Experiments are performed on suspensions with
varying particle radius and volume fraction and the dynamics are explained
by dividing the process into four stages. Initially, the suspension behaves
as a homogeneous fluid and the suspension viscosity dominates the thinning,
resulting in a linear decrease of the filament radius in time. As the filament
thins, local particle density fluctuations are amplified and the filament becomes
heterogeneous with diluted zones that exhibit faster thinning rates due to the
local decrease in viscosity. The onset of this concentration fluctuaction regime
is defined with a transition radius RT1 and a scaling for this radius is proposed
based on the standard deviation of the mean inter-particle distance and the
relative dependence of the viscosity to small changes the volume fraction. Third
regime starts when a particle-free section is formed between two particle clusters.
The breakup resembles a small-scale filament stretching experiment and the
thinning rate reaches a maximum. Finally, a deceleration is detected before
breakup, where the depleted filament becomes slender again and the thinning
rate approaches that of the pure medium fluid.
Samenvatting
Dit proefschrift bestudeert de wijze waarop druppels gevormd worden onder in-
vloed van oppervlaktespanning bij verschillende laag viskeuze, niet-Newtoniaanse
vloeistoffen. Dit proces wordt veroorzaakt door de thermodynamische
instabiliteit van een langgerekt vloeistoffilament. Door de aanwezigheid van de
oppervlaktespanning aan de vloeistof-luchtinterfase verkleint de oppervlakte-
energie bij de overgang van een langgerekt filament naar sferische druppels.
De dynamica van dergelijke vrije-oppervlakstromingen wordt bepaald door de
dominante spanning in de vloeistof die de oppervlaktespanning in balans houdt.
Zowel inertiële, viskeuze als elastische spanningen kunnen aanwezig zijn in
een complexe vloeistof en de overheersende spanning wordt bepaald door de
inherente vloeistofeigenschappen.
Aangezien er een homogene, uniaxiale rekstroming ontstaat tijdens het
opbreekproces, worden gecontroleerde vrije-oppervlakstromingen bestudeerd
om de reologische eigenschappen van laag viskeuze vloeistoffen onder rek te
bepalen. Het meest gebruikte apparaat voor deze karakterisatie is de Capillary
Breakup Extensional Rheometer (CaBER), dat een onstabiel filament creëert
door een vloeistofdruppel snel uit te rekken tussen twee plaatjes en vervolgens
de straal van het filament te volgen met een lasermicrometer. We hebben
de ruimtelijke en temporele resolutie van dit toestel verbeterd door het te
combineren met een hogesnelheidscamera die uitgerust is met een zelf ontworpen
microscopische lens. De beeldverwerking is eveneens substantieel verbeterd door
de randen van het filament met sub-pixel nauwkeurigheid te lokaliseren met
behulp van geavanceerde detectiealgoritmes. Deze code wordt gebruikt om snelle
relaxatieprocessen van polymeren te detecteren tijdens de druppelvorming bij
printerinkten. Deze experimenten zijn uitgevoerd met een speciale rekreometer
op Cambridge University. De software is in staat om relaxatietijden van een
grootteorde λ = O(100 µs) in deze vloeistoffen te detecteren. Dit zijn de kortste
relaxatietijden die ooit bepaald zijn in een dergelijk experiment.
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De verbeterde CaBER-opstelling is gebruikt voor de studie van twee soorten
complexe vloeistoffen die een tegengesteld stabilisatie-effect op het filament
vertonen. Eerst wordt het opbreekgedrag van lange, stabiele jets van een
licht visco-elastische vloeistof bestudeerd, waarbij de snelheid van de jet en
de concentratie van het opgeloste polymeer stelselmatig gewijzigd worden. De
capillaire instabiliteiten vertonen voor alle jets een vergelijkbare evolutie. De
instabiliteiten ontstaan in het rechte deel van de jet na de spuitopening en
verschijnen met een frequentie die ook theoretisch voorspeld wordt door een
lineaire stabiliteitsanalyse. Vervolgens worden de polymeermolecules uitgerekt
tijdens een kort inertie-capillair regime, wat leidt tot grote elastische spanningen
in de vloeistof die het filament stabiliseren. In dit elasto-capillair regime daalt de
straal van het filament exponentieel in de tijd met een tijdschaal die evenredig
is met de relaxatietijd van de vloeistof. De opbreeksnelheid van een dergelijk
filament is groter in een jet dan in de CaBER en door het vergelijken van de
dynamica van beide stromingen is een nieuwe tijdschaal θ = 2λ voor de jet
ontdekt. Deze nieuwe tijdschaal wordt theoretisch verklaard met behulp van
een krachtenbalans in het filament, waarin een extra constante kracht verschijnt
als gevolg van de vorming van nieuw oppervlak onder de spuitopening. De
experimentele bevindingen stemmen overeen met numerieke simulaties met een
niet-lineaire bewegingsvergelijking (FENE).
Als een tweede modelsysteem wordt de druppelvorming bij suspensies
van niet-colloïdale deeltjes in een Newtoniaanse matrix bestudeerd. Deze
complexe vloeistof zorgt voor een lokale destabilisatie van het filament en dit
fenomeen wordt bestudeerd bij suspensies met verschillende concentraties en
deeltjesgroottes. Het opbreekproces wordt verklaard door een opsplitsing in vier
regimes. Aanvankelijk gedraagt de suspensie zich als een homogene vloeistof
waarin de viskeuze spanningen zorgen voor een constante opbreeksnelheid.
Wanneer het filament dun genoeg is, wordt het filament heterogeen door de
toename van lokale densiteitsverschillen. Deze evolutie resulteert in zones met
minder deeltjes waar het filament sneller dunner wordt door een lokale daling
van de viscositeit. De start van dit verdunningsregime wordt gekwantificeerd
met een overgangsstraal RT1. Deze straal wordt voorspeld op basis van de
standaardafwijking van de gemiddelde afstand tussen de deeltjes en de relatieve
gevoeligheid van de viscositeit voor kleine concentratieveranderingen. Het
derde regime start wanneer een kleine hoeveelheid matrixvloeistof zichtbaar
wordt tussen twee deeltjesclusters. Op dit punt bereikt de opbreeksnelheid
een maximum en lijkt de matrixvloeistof actief uitgerekt te worden tussen de
deeltjes. Tenslotte wordt een vertraging waargenomen vlak voor het opbreken
waardoor de snelheid deze van de zuivere matrixvloeistof benadert.
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Chapter 1
Introduction
1.1 Motivation
Imagine a large fountain on a beautiful square in a city, preferably on a hot
summer day. Water jets appear from many points, intertwine and form a
nebula of small droplets. This scene is not only aesthetically pleasing, it also
bears a fascinating phenomenon that has been a playground for physicists and
mathematicians for centuries. The instability of a liquid jet and its spontaneous
breakup into droplets is a classical physical problem that was first correctly
described by Belgian physicist Joseph Plateau [1]. He recognised the fundamental
role of surface tension as a driving force in the droplet formation. The mere fact
that a cohesive force such as surface tension is responsible for the breakup of a
liquid cylinder, might appear counterintuitive at first, but Plateau showed that
perturbations of long wavelength reduce the surface area and thus lower the
surface energy of the system, leading to a thermodynamically favoured state.
Later, Lord Rayleigh included fluid dynamics in the description of the jet and
predicted the most unstable perturbation wavelength of an inviscid liquid jet
using linear stability analysis [2]. This breakthrough allowed determining the
final droplet size and the jet perturbations are generally called Plateau-Rayleigh
instabilities.
Surface tension-driven flows are not only encountered in the form of liquid jets,
but for instance a dripping faucet and the stretching of a liquid filament are
essentially similar axisymmetric free-surface flows. These flows are omnipresent
in daily life and are encountered in various technological applications such
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(a) (b)
Figure 1.1: Visualisation of a spray of (a) a Newtonian solvent and (b) a
viscoelastic polymer solution.
as liquid jet propulsion, agricultural spraying of fertilisers and pesticides,
inkjet printing, food dispensing operations, pharmaceutical sprays and liquid
dispensers [3,4]. For all these applications it is crucial to know whether capillary
stresses are sufficient to break the filament and to identify the time scale for
the pinching process. Moreover, the size and size distribution of the emerged
droplets is key to assessing spray patterns and printing quality. The original
linear stability theory is unable to describe many important features of the
breakup process, since non-linear effects are dominant when the pinching point
is approached. The additional degrees of freedom, inherent to the free surface,
makes numerical modelling of these flows an extremely hard problem. However,
as a result of the absence of external forcing and an associated length scale,
concepts of scaling and self-similarity are successfully employed to understand
the breakup process [5].
In general, the capillary thinning of a fluid filament is resisted by inertia,
viscosity and additional stresses resulting from the deformation of the fluid
microstructure. In many processes, the fluid undergoing breakup is non-
Newtonian and hence displays a complex rheological behaviour due to the
presence of dissolved polymers, suspended particles or other micro-structural
constituents. The extensional flow field in the filament is for instance very
efficient in unraveling flexible polymer molecules, resulting in strong non-linear
elastic stresses and a corresponding increase of the transient extensional viscosity.
This localised strain hardening stabilises the thin fluid thread and this behaviour
is desired in many applications such as fiber spinning and drag reduction.
In other applications, such as dispensing operations, long stable threads are
undesirable and a local destabilisation of the filament is preferred to induce
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Fig. 3 Some characteristic jet behaviours. For each jet, snapshots
are shown at dimensionless times of t = 25, 50 and 75 (top,
middle and bottom, respectively). a Newtonian. b c = 0.02,De =
3.75, L = 50. c c = 0.05,De = 2.5, L = 20. d c = 0.075,De =
3.75, L = 10. e c = 0.05,De = 2.5, L = 50
Parameter space
In the previous section, it was shown that our simu-
lations exhibit several different qualitative classes of
jet breakup, as the three viscoelastic parameters of
concentration c, Deborah number De and molecule ex-
tensibility L are varied. We now explore this parameter
space in more detail. Each of the three plots shown
in Fig. 4 represents a two-dimensional map of charac-
teristic jet types, for a fixed value of L. The borders
between the regions of jet behaviour are approximate
boundaries based on simulations of about 50 different
combinations of values of c and De, for each value
of L.
Figure 4a is the most diverse of the three maps,
and the only one to feature a significant region of
‘single drop’ breakup, where the tail of the ejected ink
ligament fully retracts into the main drop. This is the
optimal jet type for most industrial inkjet applications.
The ‘single drop’ region is surrounded by a larger area
in which there is some tail retraction, although the
ligament fragments into satellite drops before it can
be completely absorbed by the main drop. Typically,
the net volume of these satellites is smaller than in
the Newtonian case, and overall, there are generally
fewer satellites of a significant size. However, in some
cases, individual satellites can still be large, as in the
‘two drops’ example shown in Fig. 3c. Further data on
the distribution of satellite drops are presented in the
‘Satellite drop distribution’ section.
The ‘beads-on-a-string’ regions in Fig. 4b and c cor-
respond to the jet behaviour shown in Fig. 3b, where
the drops remain attached by thin filaments of ink at
late times. Secondary capillary instabilities can grow on
each of these filaments independently, and give rise to
iterated beading as seen in experimental studies (e.g.
Christanti and Walker 2001). There is no equivalent
region in Fig. 4a, as it is only for larger values of L that
thin threads can survive for sufficiently long periods of
time; in the limiting case, an Oldroyd-B jet will never
break (Renardy 1995).
Figure 4b, c shows that, for Deborah numbers
greater than 1, the type of jet breakup for a given
value of L is determined mainly by the polymer
concentration c. It will be shown in the “Higher
concentration effects” section that the final drop speed
is also controlled by the concentration, for fixed L. In
all three parameter maps, there is an universal tran-
sition to the ‘bungee’ regime as the concentration is
increased. For the larger values of L in Fig. 4b and
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Figure 1.2: Characteristic snapshots of modelled drop-on-demand inkjet printing
of (a) a Newtonian solvent and (b) a viscoelastic polymer solution. [9]
fast rupture. In some cases, extra components are specifically added to tailor
the breakup process and the droplet formation. Figure 1.1 illustrates the
change in atomisation dynamics when a small amount of high molecular weight
polymers is dissolved into a Newtonian solvent. The Newtonian jet disintegrates
close to the nozzle, creating a wide spraying pattern of droplets with a large
size distribution. The visc ela ti j t, on the other hand, is stabilised due
to the high resistance of the macromolecules to the extensional deformation,
resulting in a dramatical increase of the spraying distance and a more localised
spraying pattern. Moreover, the polymers also suppress the formation of micron-
sized droplets and a e th refor used as an anti-misting additive in pesticides
to incr ase the spray ng efficiency [6], in machining flu ds in metal working
operations to reduce inhalation hazards [7] and in jet fuels to reduce the potential
of post-crash fire hazard [8].
The presence of a small amount of polymers n printing inks can also be
beneficial for the printing quality in inkjet printing. In drop-on-demand (DOD)
printing, which is the dominant technique in graphics and text printing, a
printer head generates individual ink drops that are deposited on the substrate.
Drops are formed by propagating a pressure pulse in the fluid that is held in a
chamber behind the printing nozzle. The pressure pulse is generated e ther with
a thin-film heater that periodically forms a small vapour bubble by heating
the fluid above its boiling temperature or with direct echanical actuation
by a piezoelectric ransducer [10]. If the pulse exceeds som threshold at the
nozzle, a drop is jected. Figure 1.2 shows the modelling of this process by
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Morrison and Harlen [9] for a Newtonian and a viscoelastic liquid. The ejected
fluid forms an initial liquid column that thins to define a leading droplet and
the elongated tail or ligament. Due to Rayleigh instabilities, this ligament
subsequently breaks up into several small droplets, known as satellite drops (see
Figure 1.2a). These drops often catch up and merge with the main large drop
in flight, prior to impact, in which case their presence is irrelevant. However,
if they are still present at impact, they cause non-circular impact footprints
of the drop, reducing the deposit precision, resolution and accuracy [10]. As
illustrated in Figure 1.2b, the size of the satellite drops is drastically reduced
by adding polymer to the ink. The elastic polymeric stresses pull the ligament
back into the main droplet before capillary breakup occurs. However, elasticity
can also reduce the drop velocity and the break-off of the drop from the ink
reservoir can even be prevented when the polymer concentration is too high [11].
The elasticity of such dilute polymer solutions is generally expressed with an
extensional relaxation time of the fluid. The optimal model inkjet printing
fluids exhibit relaxation times below 100 µs, which is unfortunately below the
detection limit of any commercially available rheometer [12].
1.2 Aim and approach
Although the breakup of a Newtonian jet into a series of droplets is a classical
physical problem, the behaviour of complex liquids is still not well understood.
The extensional fluid motion gives rise to strong non-linear effects in these fluids,
that can either have stabilising or destabilising effect on the fluid column. In
the last decade, there have been lots of studies on free-surface flows of complex
fluids, both from a modelling as from an experimental perspective. Nevertheless,
experimental studies on complex fluid jets are often limited to testing linear
stability theories [13, 14] or examining final droplet size distribution [15, 16].
For the much-studied case of solutions of flexible polymers, the non-linear
dynamics are rarely quantified because strain hardening creates long stable jets
(see Figure 1.1b) and it is very challenging to follow the small threads over
a long distance. Hence, experimental studies of the non-linear dynamics are
generally executed with other free-surface flows, such as a dripping setups or
with capillary thinning devices that employ an unstable liquid bridge geometry.
As a result, non-Newtonian constitutive laws are not well tested for jetting
flows [17].
The first part of this work concentrates on obtaining quantitative jetting
experiments for the interesting case of dilute polymer solutions. The thinning
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dynamics of an undisturbed jet are visualised with a new high-speed, high-
resolution optical setup and advanced edge detection routines are written to
follow a single instability from its formation in the linear stability regime until
breakup into droplets. Additionally, the non-linear deformation is compared
with static capillary thinning in an unstable liquid bridge, because at present,
no direct comparison of the breakup dynamics of the same fluid in these two
setups has been reported. In order to quantify the relaxation processes in
both setups, the selected model fluids should exhibit relaxation times near the
detection limit of the capillary thinning device. By determining the filament
diameters with sub-pixel precision, the lower detection boundary of the latter
setup is substantially enhanced. We show that these improvements allow the
assessment of extremely fast relaxation processes in uniaxial extension with
relaxation times that are in the range of the values expected for inkjet printing
fluids.
The second part of this work investigates complex fluids that have an opposite
or destabilising effect on the liquid filament. For this a suspension of non-
colloidal spherical particles in a Newtonian medium was chosen as a model
system, also because particle-laden threads are frequently observed in dispensing
operations. Contrary to polymer solutions, filaments of non-Brownian particles
are generally inelastic and display a faster and more localised pinching than
a viscous oil with the same bulk viscosity. This accelerated breakup is the
subject of various studies [18–21], however a fundamental understanding of the
origin of the acceleration has not been found. In order to achieve this goal,
the static capillary breakup of these suspensions is studied by systematically
varying the key parameters such as concentration, particle size and medium
viscosity. The extracted thinning curves are compared with the self-similar
scaling laws for viscous fluids as well as for power-law liquids to assess whether
the initial destabilisation is either caused by an extensional thinning effect due
to particle alignment or by the fact that local variations in the particle density
render the continuum approximation obsolete. The onset and the speed of
the destabilisation are systematically quantified and a framework is developed
to understand the divergent breakup behaviour. Finally, the experiments
are compared with modelled filament thinning by Claire McIlroy and Oliver
Harlen [22] from Leeds University to perceive the correlation between changes
in the thinning dynamics and the particle distribution in the filament.
6 INTRODUCTION
1.3 Outline
The thesis is organised in seven Chapters. Chapter 2 starts with an overview
of the state of the art concerning extensional rheology and free-surface flows.
We first review the fundamental concepts and the importance of extensional
rheology and discuss the experimental challenges of characterising the uniaxial
extensional deformation of a liquid. The second part of the chapter focusses on
the free-surface flows of low viscous liquids. Important concepts such as linear
stability analysis and self-similarity are introduced and the breakup dynamics
of various complex fluids is discussed. In Chapter 3 the materials are described
and the experimental methods are explained. The modifications that were
made to the optical setup of the capillary breakup rheometer are introduced in
Chapter 4. This chapter also discusses the different image processing routines
that are employed to extract information from the images of the free-surface
flows. In Chapter 5, jets of dilute polymer solutions are examined and the
different stages in the breakup process are discussed. We mainly focus on the
characteristic elasto-capillary balance where the surface tension is resisted by
the elastic stresses of the deforming polymer molecules. The pinching dynamics
of the model solutions are compared with static capillary breakup experiments
and we show some remarkable differences between these two free-surface flows.
Chapter 6 discusses the second model system of suspensions of non-colloidal
spheres. We define a set thinning stages in the breakup process and obtain
a better understanding of the destabilisation mechanism with the use of the
self-similar scaling laws. Finally, Chapter 7 summarises the main conclusions of
this study and some suggestions for further work are given.
Chapter 2
State of the art
This chapter provides an overview of the state of the art concerning the
extensional flow behaviour of complex liquids. Section 2.1 demonstrates the
importance of extensional rheology and highlights the differences from shear
rheology, which is more commonly employed. We mainly consider uniaxial
extensional deformation because this flow type is generally encountered during
the experimental work presented in the following chapters. We give a summary
of the available techniques to characterise the flow properties of various liquids
in extension. Section 2.2 focuses on free-surface flows of low viscous fluids,
in which surface tension creates an extensional flow field before generating a
drop. The traditional linear analysis of this hydrodynamic stability problem is
discussed and the recent advances in non-linear analysis using self-similarity
are introduced. Finally, we review the breakup dynamics of different material
classes, including the remarkable effects of viscoelasticity on filament thinning.
Additional mathematical background to this chapter is provided in the first three
appendices. Some basic rheological definitions are summarised in Appendix
A, Appendix B focusses on uniaxial extensional flow and Appendix C gives
supplementary information on the slenderness assumption.
7
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2.1 Extensional rheology
2.1.1 Introduction
Within the last two decades, there has been an increased interest in the
measurement and understanding of extensional deformations of non-Newtonian
liquids. Pure extensional flows typically originate from a tensile force on the
material in the absence of a stationary boundary and the associated no slip
boundary condition. These flows are defined by a symmetric velocity gradient
tensor ∇v. Strong extensional flows are essential in many polymer processing
operations. Fiber spinning, thermoforming, film blowing, blow moulding
and foam production consist predominantly of extensional deformations [23].
Significant extensional components are also generated by any reasonably sudden
change in geometry, such as converging or diverging regions of dies and moulds,
as well as during flow out of an orifice.
Other applications, such as coating operations, inkjet printing, turbulent drag
reduction, agricultural spraying and anti-misting of jet fuels, can benefit from
the specific extensional rheological properties of polymer solutions [9, 24–26].
Solutions of very flexible polymers can have extensional viscosities that are
orders of magnitude higher than those expected for a Newtonian liquid. Such
large extensional viscosities cause the ’Tubeless Siphon’ effect, which is used to
examine the thread forming capacity or the spinnability of a material [27,28].
The extensional rheological properties are also important in polymer flooding
in enhanced oil recovery (EOR). Adding a flexible polymer to the pumping
water stabilises the water-oil interface and thereby suppresses the unwanted
fingering, reducing pressure losses [24]. Moreover, the extensional properties are
also important for the food industry in various stages of the product life cycle,
from the initial stage of formulation and process design, to process and quality
control of products, to the final stage of sensory perception of the product by
the consumer [29,30].
The importance of the extensional flow behaviour can be illustrated by the fiber
spinning process of a polymeric liquid [24]. To attain a stable spinning process,
the tension along the thread-line is chosen to prevent fracture under normal
operation conditions. However, small disturbance along thread-line are nearly
unavoidable in this physical process and the propagation and magnification
of these instabilities should be minimised [31]. The extensional rheology of
the polymeric liquid can play an important role in this stability issue. Let us
speculate that for some reason a local change in diameter occurs. Based on
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the continuity equation, the narrower part of the filament should move faster
than the rest of the thread-line, indicating that the strain rate is higher in
the narrower part. If the polymeric liquid is strain thinning, the resistance
to extension is reduced in the narrow part and motion in this part of the
thread-line is further accelerated. It becomes thinner and will ultimately break.
If the polymeric liquid is on the contrary strain hardening, the resistance in
the narrow part of the filament will now be increased. The flow in the filament
will slow down, the radius will increase and may be expected to return to that
of the remainder of the thread-line. Strain hardening is therefore a stabilising
influence in this process and the spinnability of a polymeric liquid is closely
related to this extensional rheological property.
However, this non-linear extensional response of a viscoelastic material cannot
be predicted from shear rheological characterisation. Whereas a polymeric
liquid is often shear thinning at higher rate, strain hardening is typically
observed under extensional deformation [23]. Shear flows are quite weak in
the sense that material elements in the fluid separate linearly with time, and
vorticity ensures that the fluid microstructure is simultaneously rotated away
from the principal axes of stretching (Ω 6= 0). Extensional flows, on the other
hand, are irrotational (Ω = 0) and extremely efficient at unraveling flexible
macromolecules or orienting rigid molecules [25]. De Gennes [32] proved that
the extensional viscosity of a dilute polymer solution grows without bound for a
Weissenberg number Wi = λ ˙ > 0.5, where λ is the dominant relaxation time
of polymer chain. This value corresponds to the coil-stretch transition of the
polymer molecule, which has been confirmed by single-molecule imaging of a
DNA chain [33,34]. Shear flows are however unable to force the same level of
molecular unraveling even at very large Weissenberg numbers [35]. Extensional
flows are therefore expected to induce different fluid responses from simple shear
flow.
2.1.2 Classification of extensional flows
Different elongational flows can be classified according to the system proposed by
Meissner et al. [36]. A coordinate system is chosen to make the velocity gradient
tensor diagonal with the main strain rates ordered such that ˙ = ˙11 ≥ ˙22 ≥ ˙33.
A general incompressible extensional flow is characterised by the maximal
positive strain rate ˙ > 0 and the ratio m = ˙22/˙11. With these parameters,
the rate of deformation tensor of an extensional flow is written as
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Figure 2.1: Sketch of the original experimental setup of Trouton [37].
2D = 2˙
 1 0 00 m 0
0 0 −(1 +m)
 . (2.1)
This representation considers the conservation of the total amount of mass
in an incompressible fluid because the trace tr (2D) = 0. The most common
extensional deformation is simple uniaxial extension, which is for instance
encountered in fiber spinning. It is characterised by a positive extensional
deformation in only one coordinate. As consequence of the contraction in an
incompressible material, the second and third components are negative. From
symmetry ˙22 = ˙33, so ˙22 = −˙11/2, so that the general representation is
satisfied with m = −1/2. The rate of deformation tensor thus becomes
2D =
 2˙ 0 00 −˙ 0
0 0 −˙
 . (2.2)
Uniaxial extension is also the predominantly encountered flow type in extensional
rheometry. The easiest way to imagine the generation of a uniaxial extension is
to grab both ends of a rod of fluid and pull on it. This setup was already used by
Trouton for his groundbreaking rheological experiments on rods of very viscous
pitch [37]. The flow properties of this very viscous material have recently gained
some renewed attention due to the pitch drop experiment at the University of
Queensland. In Trouton’s experiment, the pitch rod was thickened at the end
and shaped into an almost cubical block, as shown in Figure 2.1. This block was
fitted into a small metal box, at which extra weights were hung with a hook to
obtain a variety of stresses. Trouton found that the ratio of stress and velocity
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gradient was constant in a tensional test, but it was approximately three times
larger than the value he measured in shear. This observation is confirmed with
the three dimensional form of Newton’s law (see Eq. A.7), using the rate of
deformation tensor for uniaxial extension. By neglecting surface tension effects,
the boundary conditions on the free surface are T22 = T33 = 0, so
T11 = 3η˙. (2.3)
The difference in the ratio between stress and strain rate in shear and extension
results in the definition of an extensional viscosity. This new material parameter
is generally defined as the ratio of the net tensile stress T11 − T22 to the rate of
strain [38]
ηE (˙, t) =
T11 − T22
˙
. (2.4)
The normal stress difference T11 − T22 is used to avoid any dependence on the
hydrostatic pressure. In honour of the contribution of Trouton, the extensional
viscosity is sometimes expressed with the Trouton ratio, which is the ratio of
the extensional to the shear viscosity of a fluid
Tr = ηE
η
. (2.5)
The Trouton ratio of a Newtonian liquid has a constant value of 3 and this value
even holds true for polymer melts in the limit of small deformation rates [23].
However, strain hardening can occur at larger deformations due to changes
in the structure of the material. Polymer melts can exhibit an increase of Tr
with several orders of magnitude. Hence, the value Tr = 3 is often chosen as a
lower limit for these non-Newtonian liquids. Contrary to the stress-controlled
measurements of Trouton, it is presently more conventional to control the strain
rate during an extensional measurement. More information on such steady
uniaxial extension of a cylindrical sample is presented in Appendix B. The most
important conclusion is that an exponential increase of the sample length L is
required to obtain a steady deformation
L = L0 e˙t, (2.6)
where L0 is the initial length. Hence, the strain in extensional deformations
is generally measured on a logarithmic scale and is referred to as the Hencky
strain:
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H = ˙ t = ln
(
L
L0
)
. (2.7)
Another important extensional flow is biaxial stretching that is for instance
used in the production of polymer sheets. This flow consists of an extensional
flow in two directions and ˙11 = ˙22 , so the parameter m = 1. This implies
that a contraction is acting in the third direction ˙33 = −2˙11. This flow type
is also encountered in lubricated uniaxial compression, which can be used as a
rheological technique [39]. Biaxial extension flow is not as strongly orienting as
uniaxial flow and is therefore less sensitive to structural changes in the material.
Hence, it gives different material functions from uniaxial extension [40, 41].
The third important extensional flow is planar extension, where ˙11 = −˙33
and ˙22 = 0, so the parameter m = 0. This flow is for instance created by
impinging two liquid streams creating a planar stagnation flow with for instance
a four-roll mill [42] or a cross-slot apparatus [43]. Both devices create a well
defined extensional flow in the centre point and birefringence can be used to
directly measure the tensile stress difference [44].
2.1.3 Experimental methods
It is generally agreed that it is far more difficult to measure extensional viscosity
than shear viscosity [23–25, 45]. Firstly, it is rather difficult to generate a
homogeneous extensional flow, especially for low viscous liquids. The basic
problem is that it is hard to control the deformation of a low viscous fluid without
the presence of boundaries, whereas flow over such boundaries results in shear
stresses. Surface tension, gravity, and inertia can alter the deformation of such
fluids. Furthermore, the determination of a steady state extensional viscosity
ηE(˙) is practically impossible. Large strains are often required before stresses
in viscoelastic fluids can reach their steady stress limit. Since the streamlines
are parallel in rotational shearing flows, large strains can be achieved after long
residence times. The streamlines in extensional flow are, however, diverging,
which implies that a sample will become very thin in one direction to achieve
large strains and might rupture or deform non-uniformly before a steady state is
reached. Although the transient extensional viscosity might appear to approach
a steady state value at large extensions, careful experiments on LDPE by
Meissner et al. [46] have shown that this plateau might be a stress overshoot.
In these experiments, a steady state value was not achieved at a Hencky strain
H = 7, meaning that the sample is stretched to 1100 times its original length.
Moreover, even if a steady state extensional viscosity could be measured, it would
not necessarily be directly industrially relevant, because a material element
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in a processing flow is unlikely to see a steady extensional flow that persists
long enough for a steady state to be approached. On the other hand, nearly
steady state shearing does occur in various processing flows, such as moulding,
extrusion, and transport through ducts and dies [23].
Despite the many challenges in measuring the extensional flow properties of a
viscoelastic liquid, many different methods have been tried to circumvent these
difficulties and generate purely extensional flows. In this section we will limit
ourselves to measurement techniques that use a uniaxial extensional flow field.
Unlike shear measurements, where a single rotational rheometer can measure
viscosities with a range of 8 orders of magnitude, extensional rheometers are
only suited for a particular viscosity range. Consequently, we have classified the
experimental methods according to the sample viscosity starting with methods
for very viscous polymer melts and ending with techniques suited for water-like
samples.
Rotating fixtures for polymer melts
The investigation of polymer melt elongation started around 1970. In general,
both ends of a molten polymer sample are connected to an extensional rheometer
that imposes a steady extensional deformation to the sample. One of the clamps
is connected to a force transducer that continuously monitors the stretching
force. The normal stress in the sample is typically calculated by assuming
an exponential decrease of the cross-sectional area of the molten polymer
specimen (see Eq. B.11). This allows determining the evolution of the transient
extensional viscosity ηE(˙, t), according to Eq. 2.4. One of the challenges
in extensional rheometry lies in properly holding the sample ends and many
options have been proposed. Originally, the best results were achieved with
bonding cylindrical samples with adhesive to a metal base and with mechanical
clamps for rectangular samples [23]. However, the fact that the velocity of the
translating block must vary exponentially with time (see Eq. 2.6) remains a
barrier in acquiring good extensional data.
An alternate method for pulling samples is the rotating clamp, developed by
Meissner [47]. The sample is held and stretched between two pairs of rotating
gears or cylinders. It is much easier to program a constant extension rate
with this rotating clamp than with the translating clamp. The length of the
sample remains equal to the distance between the cylinder pairs L0 during the
experiment, resulting in a constant velocity at the end of the sample. This
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Figure 2.2: (a) Extensional viscosity fixture (EVF) mounted on ARES strain-
controlled rheometer. (b) Strain hardening of a PP melt at different strain
rates.
implies that the strain rate is proportional to the imposed angular velocity Ω
and can be expressed as
˙ = 2ΩR0
L0
, (2.8)
where R0 is the radius of the rotating clamp. This design was improved in the
following decades allowing more accurate measurements at higher temperatures
on smaller samples [48]. In the last decade, smaller rotating fixtures emerged
that can be mounted on a conventional rotational rheometer. The original
design was the Sentmanat Extension Rheometer (SER) fixture [49] that is based
on the fiber windup technique first described by Macosko and Lorntson [50].
The SER uses a pair of counterrotating rollers to wind up a thin rectangular
sheet of polymer melt. The Extensional Viscosity Fixture (EVF) is a similar
design where only one of the two drums is fixed and the other one is making a
double rotation. Figure 2.2a shows the EVF connected to a strain-controlled
rheometer. The sample is connected to the drums with two metal clamps and
it wraps around both the fixed and the rotating drum during the measurement.
However, after one revolution, the sample will wind up on top of itself and
the force signal becomes unusable. This results in a maximum Hencky strain
H = 4.3, which is significantly lower than for the Meissner design. Figure 2.2b
shows the detection of strain hardening in a PP melt at different strain rates
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Fig. 2. Schematic diagram of the filament stretching rheometer: (a) linear DC brushless motor; (b) upper motor, with top endplate
assembly; (c) lowermotor, with diametermeasurement assembly; (d) fluid sample; (e) force transducer, (f) CCD lasermicrometer,
transmitter, (g) receiver; (h) CCD camera.
experience a constant stretch rate. To achieve this constraint, the velocity of the endplates, L˙p(t), no
longer follows the profile predicted by ideal uniaxial elongational flow, and thus the axial stretch rate,
E˙(t), is no longer constant, in contrast to the Type I and Type II experiments. As Kolte et al. note in
their paper, “this type of experiment is quite difficult to perform in practice. . . [requiring] either a very
fast control mechanism for the plate motion based on inline observations of the mid-filament diameter
or a trial-and-error procedure. . . ” [16]. To date, all Type III experiments have used the latter, iterative
method [5–14]. It is the goal of the current paper to show that not only can the active control alternative
work, but that there is also a much simpler method of obtaining the ideal diameter profile using the simple
one-dimensional kinematics of the filament stretching problem discussed in Section 2.1.
3. Experiment procedure
3.1. Filament stretching device
Fig. 2 shows a schematic diagram of the new filament stretching device used in this study. The apparatus
is based around a motion control system consisting of two linear DC brushless motors moving along the
same axis. The upper endplate assembly is mounted to the upper motor, and the lower endplate is mounted
Figure 2.3: Schematic view of a filament stretching device [51].
during measurements with the EVF-geometry. The transient shear viscosity
multiplied by the Newtonian Trouton ratio Tr = 3 (yellow triangl s) is included
as a lower reference.
Filament stretching
The previous techniques cannot be used to characterise the transient extensional
flow behaviour of polymer solutions, due to gravitational sagging. Filament
stretching rheology emerged in the early nineties as an alternative method for
fluids with lower vis sity, such a polymer solutions. In filament stretching
devices, the sample forms a cylindrical liquid bridge between two rigid endplates,
which are actively stretched. The first design was presented by Matta and
Tytus [52] as a falling plate device, where the stretching was achieved by
allowing the bottom plate to fall under gravity. This constant force extensional
rheometer could generate a nearly pure extensional flow and the authors were
able to calculate the tension in the filament. With some modifications, the
original setup was even used to determine the finite extensibility parameters of
polymer molecules [53]. More importantly, these constant force measurements
inspired Sridhar and co-workers [54, 55] to make the prototypical design of a
filament stretching rheometer (see Figure 2.3). The plates are connected to
a motion control system that exponentially separates the plates to ensure a
constant strain rate ˙0 (see Eq. 2.6). One plate is connected to a force transducer
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ficult to implement, and several limitations arise from mechanical constraints as well as
gravitational sagging effects and elastic instabilities !Anna et al. "2000#$. By contrast, a
filament breakup experiment is relatively simple to perform; however, since the fluid
column is allowed to spatially rearrange and select its own time scales, the dynamics of
the fluid response can be quite complicated and the kinematics are typically time depen-
dent. Analysis and interpretation of filament thinning data is therefore not as straightfor-
ward as that of filament stretching data. However, the response of a given fluid to these
two different flows depends only on its microstructure as encoded in the constitutive
equation, and thus we expect a correct analysis of each experiment to yield consistent
rheological information for a given fluid.
In this study, we examine the filament stretching and breakup responses of three
different polystyrene-based Boger fluids, in which the polymer concentration is fixed at
0.05 wt% and the polymer molecular weights are 2.0, 6.5, and 20 million g/mol. These
three Boger fluids are the same well-characterized test fluids used in the interlaboratory
comparison of filament stretching devices mentioned above !Anna et al. "2000#$. In the
following section, we present measurements of the evolution in the midfilament diameter
profiles Dmid(t) observed during elasto-capillary thinning experiments for the three dif-
ferent Boger fluids. We compare the characteristic relaxation time obtained from this data
to the relaxation times obtained from conventional viscometric experiments. In Sec. III,
we compare these experimental observations to theoretical predictions using a multimode
FENE model, and in Sec. IV, we show how the force balance on the filament can be used
to reexpress midfilament diameter profiles in the form of a transient extensional viscosity.
Finally, we compare the molecular weight dependence of the steady-state extensional
viscosity obtained from the asymptotic behavior of filament breakup experiments to the
behavior predicted from kinetic theory for bead-spring chains.
II. FILAMENT THINNING AND BREAKUP EXPERIMENTS
A. Experiment setup
Although several devices have been developed to specifically make measurements of
visco-elasto-capillary thinning !Bazilevsky et al. "1990#; Kolte and Szabo "1999#;
McKinley and Tripathi "2000#; Stelter et al. "2000#$, the filament breakup experiments
performed in the present study were actually carried out in a filament stretching apparatus
that has been described in detail elsewhere !Anna et al. "1999, 2000#$. A schematic
diagram of the experimental configuration is shown in Fig. 1. A nearly cylindrical sample
FIG. 1. Schematic diagram of a capillary thinning experiment.
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Figure 2.4: Schematic diagra of a capillary breakup experiment.
to measure the tensile force and the mid-filament diameter is actively monitored.
Unfortunately, an ideal filament stretching experiment is practically difficult to
implement. A perfect homogeneous uniaxial extensional flow cannot be imposed
throughout the entire fluid filament, because the no-slip boundary condition at
the endplates introduces local shearing [56]. The optimal endplate separation
should therefore be corre ted to a more complex motion in order to achieve
the desired exp nential decay of the filament diameter at the midpoint (see Eq.
B.9) [51, 57–60]. Moreover, gravitatio al saggi [61] or elastic instabilities [56]
can provide additional measurement problems for some materials at certain
strain rates. Furthermore, the maximum achievable Hencky strain  is limited
by the specifications of the device, i.e. either position-limited by the maximal
vertical displacement or velocity-limited by the maximal velocity of the motor.
Nevertheless, an inter-laboratory comp rison of filament stretc ing data for
three common te t fluids was present d, n which the authors de onstrated
that t agreement betwee different desig s of filament stretching rh ometers
is excellent [62]. More information on filament stretching can be found in an
extensive review by McKinley and Sridhar [25].
Capillary breakup
As the viscosity of the sample liquid decreases, surface tension tends to destabilise
the slender fluid filament and obtaining good measurements with a filament
stretching device becomes difficult [62,63]. Capillary breakup rheometry provides
an alter ative measurement technique for low viscous fluids th t exploits surface
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tension to create a uniaxial extensional flow [64, 65]. Similar to filament
stretching, the fluid is placed between two cylindrical endplates, however,
these plates are rapidly separated in this technique and then held at a fixed
axial separation (see Figure 2.4). The subsequent evolution of the minimal
filament radius is monitored during the process of surface-tension-driven necking
and breakup. Unlike previous methods, this technique does not involve active
stretching and stress measurement. Consequently, axial stress and strain rate are
estimated from the evolution of the minimal radius and an apparent extensional
viscosity ηE,app is determined. Contrary to filament stretching, a capillary
breakup experiment is relatively simple to perform. However, since the fluid
column is allowed to spatially rearrange and select its own time scales, the
dynamics of the fluid response can be quite complicated and the kinematics
are typically time dependent. Analysis and interpretation of filament thinning
data is therefore not as straightforward as that of filament stretching data. [61,66]
The temporal evolution of the filament profile depends the relative importance
of inertial, viscous and elastic contributions balancing the surface tension. As a
result of the absence of external forcing, the dynamics of the necking process
are often self-similar and various scaling laws have been established to predict
the non-linear dynamics near pinch-off depending on the dominant resisting
stress [3, 4]. These scaling laws can be used to identify material classes and
extract other material properties of the fluid besides an apparent extensional
viscosity. In order to obtain useful material information, it is thus essential to
thoroughly understand this visco-elasto-capillary balance. In Section 2.2, we
present an overview of the fluid dynamics in capillary-driven free-surface flows.
Because this technique will be used in main part of this study, more practical
information is given in the Chapter 3.
2.2 Free-surface flows
2.2.1 Introduction
In order to use capillary breakup rheometry, it is crucial to comprehend the
physics of free-surface flows. Surface-tension-driven flows and their tendency to
spontaneously form droplets have fascinated scientists for centuries. A major
breakthrough in the description of this phenomenon was made by Plateau [1]
and Rayleigh [2] at the end of the 19th century. Rayleigh introduced the concept
of linear stability analysis on a liquid column to predict the onset of jet breakup.
He was capable of identifying the most unstable perturbation wavelength and
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30 D .  H .  Peregrine, G .  Xhoker a.nd A .  Symon 
FIGURE 5. The bifurcation of drop from the columnar liquid bridge: (a )  just before, ( b )  at 
bifurcation. 
The effect on the drop is less clear in these photographs. However, other 
photographs show recoil occurring with a dimple appearing as the ‘release of tension ’ 
acts like a point impulse. Later photographs of this series clearly show an apparent 
flattening of the top of the drop which is in fact the rim of a depression in its surface. 
The flow visualization experiments of Marschall (1985) show clearly that in his 
liquid-liquid drop-formation experiment a ring vortex forms within the drop in 
response to the recoil. 
3.4. Wave generation 
Once the recoil effects propagate up the conical region onto the cylindrical remnant 
of the liquid bridge much of the original potential energy in the surface of the point 
cone is converted into wave motion. The illustration in figure 6 ( b )  shows small- 
amplitude waves, which propagate ahead of the disturbance like any other capillary 
(a)
The bifurcation of liquid bridges 37 
FIGURE 12. Drop formBtion in the splash arising from a drop of milk falling into a thin layer of 
milk (courtesy of Harold Edgerton). 
angles then only certain 2 vectors, (ai, pi) give 'non-wavy ' solutions, e.g. figures 5 ( b )  
and 7 ( b )  correspond to values of approximately (go", 9") and (go, 90"). 
T e above di cuss on h s assumed the dominance of surface tension, but other 
factors which can influence bifurcation should be considered. One dominant factor 
which appears in a self-similarity formulation of the problem is the density ratio. To 
shed a little light on this parameter a brief experiment was made with air bubbles. 
A stream of bubbles forming at the mouth of a tube were photographed with 
stroboscopic illumination. The moment of bifurcation proved very hard to catch, but 
the photograph in figure 10 taken with four successive flashes shows that bifurcation 
(b)
Figure 2.5: Similarity of br akup profiles in free-surface flows: (a) formation of
a water dr p fr m a nozzle and (b) plashing of milk droplet falling in a thin
layer of milk [67].
thus determining the final size of the emerged drops. Accordingly, the time
scale on which perturbations grow and eventually break the inviscid jet into
droplets is called the Rayleigh time tR and is given by a balance of surface
tension and inertia
tR =
√
ρR30
γ
, (2.9)
where ρ is the fluid density, γ is the surface tension and R0 is the initial radius of
the fluid column. The description of the non-linear fluid motion in the vicinity
of the pinch point proved to be even more challenging. At the pinch point,
the radius of curvature approaches zero and the small amount of fluid left in
the pinch region is driven by increasingly strong forces. Hence, the velocity
goes to infinity and the separation of a drop corresponds to a singularity of the
equations of motion, in which the velocity and capillary pressure diverge [5]. The
study of the breakup dynamics of Newtonian fluids has gained momentum after
the characterisation of a pendant water drop using high-speed photography by
Peregrine et al. [67]. In the instances preceding breakup, the drop is connected
to the nozzle with a slender liquid filament that ultimately ruptures near the
surface of the forming drop rather than in the centre of the filament (see
Figure 2.5a). Moreover, this strong up-down asymmetry at the breakup point is
independent of the employed setup as can be seen from the comparison of both
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pictures in Figure 2.5. This observation suggests the existence of a universal
solution for these free-surface flows. Since the flow is without a typical length
scale near breakup, the concept of self-similarity was successfully applied to
this problem to retrieve an analytical solution. Different self-similar solutions
were established depending on the relative importance of inertial and viscous
stresses [17].
The breakup behaviour of viscoelastic fluids is very distinct from that of
Newtonian liquids. Adding a small amount of flexible polymers to the liquid
drastically alters the thinning dynamics of the jet. As the local radius of the
instabilities decreases, elastic stresses are growing and the jet consists of a series
of small droplets joined by small threads, that become increasingly thinner with
distance [68]. The breakup length of the jet is considerably enhanced and this
effect can thus be considered as strain-hardening of the polymer solution in
an extensional flow field. These viscoelastic effects can be used to alter the
atomisation characteristics and to suppress the formation of unwanted satellite
drops [15,16].
In the following sections, we will give a short overview of the dynamics of
free-surface flows. The next section discusses how dimensional analysis can
help identifying the dominant stresses resisting breakup. An overview of the
typical experimental configurations is given in Section 2.2.3. The main concepts
of the linear analysis of the early stages of the jet are considered in Section
2.2.4 and the use of similarity solutions to describe the dynamics near pinching
is explained in Section 2.2.5. The final three sections give an overview of the
scaling laws for different material classes. More information about the fluid
dynamics in free-surface flows can be found in two reviews on the subject by
Eggers [5,17], whereas the review by McKinley [3] provides more insight into
capillary-driven flows of non-Newtonian fluids.
2.2.2 Dimensional analysis
The thinning dynamics during free-surface flows are determined by the balance
of surface tension with the dominant resisting force. The latter depends on
the relative magnitudes of the relevant fluid properties, i.e. density, viscosity
and elasticity. Dimensional analysis provides a pragmatic strategy to establish
which thinning mechanism is dominating at a certain filament radius. Recently,
Clasen et al. [4] presented a set of dimensionless groups that are used to predict
the dispensing of complex fluids. These dimensionless groups for free-surface
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flows compare the characteristic velocities and have been derived from the
fundamental governing equations in the seminal work of Middleman [69, 70].
We will highlight the groups that are relevant for the fluids that are studied in
this work. The relative importance of the different resisting forces is primarily
given via two material-property-based dimensionless parameters. The former
is the Ohnesorge number, which compares the viscous and the inertial effects
resisting breakup:
Oh = η√
ργR
. (2.10)
The Ohnesorge number can be considered as the ratio between the viscous
time scale tη = ηR/γ and the the Rayleigh time tR. The latter is the Deborah
number, which represents the ratio of the characteristic elastic relaxation time
λ of the fluid to the characteristic process time. Depending on whether viscous
or inertial forces are dominant, the characteristic process time is either tη or
tR [71]. Since low viscous elastic liquids are mainly used throughout this work,
we will employ the Rayleigh time as reference time, giving following expression
for the Deborah number
De =
√
λ2γ
ρR3
. (2.11)
This number is often labelled the intrinsic Deborah number, as it compares
thinning velocities that are based solely on material properties and does not
take the detailed geometry of the filament into account [3]. Moreover, it should
be noted that these dimensionless numbers can be determined in two different
ways [4]. If the initial filament radius R0 is the characteristic length scale
that enters the number, the overall or global dimensionless number is obtained.
This is often used to make an initial estimate of the overall thinning dynamics.
Conversely, a local number can be calculated with the radius R(t) to determine
at which radius a transition from one thinning regime to another is to be
expected.
Once the initial thinning mechanism is established, the relevant thinning velocity
is compared to the jet velocity v0 indicating the transition between dripping
and jetting dispersion. The time needed for the jet to breakup is compared to
the characteristic time associated with the convective jetting velocity, which is
taken as the time for the jet to travel a distance equal to R0. For low viscous
fluids, the dimensionless Weber number is defined as the square ratio of the
Rayleigh time tR to the convective time R0/v0:
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 Figure 3: Three prototypical geometries for studying breakup of
complex fluids; (a) continuous jetting instability; (b) dripping from a
nozzle; (c) necking and breakup of a liquid bridge. 
 
 
 
(a)
(b) (c)
v
t1 t2
L
case of a low viscosity fluid (Oh < 1) this is given by 1 2( )RV UcapV , or alternately, 
for a viscous fluid thread (Oh > 1), the relevant scale is 0capV V K . 
The motion of a continuous jet of fluid shown in figure 3(a) exiting a circular 
nozzle of radius  at a velocity V , leads to a progressive necking and 
breakup as the jet flows downstream. In a dripping experiment of the type shown in 
figure 3(b) the exit velocity is of the same order as the capillary wave driving the 
breakup process (V V ) and leads to the formation of a single hemispherical 
droplet at the exit of a small capillary tube of radius 
0R
cap
capV!!

1 2( )capR l gV Ud 0
R z
L , t
, followed 
by gravitational drainage and capillary-induced pinch-off. Finally, in the liquid bridge 
configuration of figure 3(c), the imposed velocity is zero (following the initial rapid 
formation of a liquid bridge constrained between two concentric and axisymmetric 
endplates) and the bridge evolves purely under the action of viscous, inertial and 
capillary forces. 
In each case the geometry is simple enough to be amenable to theoretical or 
numerical analysis of the time-evolving filament profile  and the flow can be 
controlled (at least initially until capillarity takes over) by motion of the end-plates or 
by controlling the supplied flow rate. Flows of Newtonian fluids in these geometries 
have recently been reviewed by Basaran [16]. The principal benefit of the third 
geometry is that the material element at the narrowest point or ‘neck’ (shown by the 
shaded elements in figure 3) remains located at approximately the same location in the 
laboratory reference frame; we denote the locus of this neck henceforth by 
. The fixed Eulerian location of the neck facilitates 
experimental measurement of the necking dynamics using either high-speed video-
imaging or a laser micrometer system.  
( ),t
   00 5midR t R z .{  
 7
!!!!!!
Figure 2.6: Three prototypical geometries for studying breakup of complex
fluids: (a) continuous jetting instability, (b) dripping from a nozzle, (c) necking
and breakup of an unstable liquid bridge [3].
We = ρv
2
0R0
γ
. (2.12)
The last important dimensionless group is the Bond number that expresses the
ratio of gravitational forces to the surface tension forces:
Bo = ρgR
2
γ
, (2.13)
where g is the gravitational constant. Generally, the effect of gravity is ignored
in the analysis of free-surface flows. This assumption is justified for small
threads since they correspond to small Bond numbers. However, for jets with a
larger nozzle radius Rn gravitational stretching has to be taken into account
and can have unexpected effects on th stability of the jet [72,73].
2.2.3 Experim ntal geomet ies
Free-surface flows have been generally studied using three experimental setups,
which are shown in Figure 2.6: (a) jets produced when a fluid leaves a nozzle at
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high speeds, (b) slow dripping under gravity and (c) the unstable liquid bridge [5].
These setups can be easily distinguished from each other by the Weber number.
Although each geometry demonstrates a specific initial evolution, the last stages
of capillary breakup are solely dominated by the internal properties of the fluid.
Hence, all setups capture the same phenomenon and the different results are
readily compared.
A continuous jet is formed when the flow rate is sufficiently high, so the time
scale for breakup is considerably larger than that of the fluid motion (We > 1).
Capillary instabilities start emerging at a certain distance from the nozzle and
will progressively thin as the jet flows downstream. Historically, jetting flow
has been by far the most widely used experimental setup for the study of drop
formation with documented experiments dating back to the 19th century [1,74].
Since ambient noise will always create some variation on the wavelength of the
instability λw in an undisturbed jet, one often forces a specific wavelength to
the jet. Mostly, a piezo-electric transducer produces pressure oscillations at
the nozzle, which translate into controlled sinusoidal disturbances of the jet
profile. As a result, the jet breaks into drops in a perfectly periodic fashion.
The wavelength can be controlled by the frequency of the piezo and the jet
velocity. Unfortunately for experimentalists, jets tend to get quite long even at
moderate Weber numbers, especially for highly viscous and viscoelastic liquids.
The combination of large jet lengths and small filament radii makes tracking the
complete thinning dynamics experimentally challenging. Hence, jet dynamics
are often quantified with breakup lengths and droplet size distributions [15].
Moreover, the evolution of the jet are less reproducible compared to the other
two setups because the driving signal is never purely sinusoidal as it is influenced
by noise and higher order harmonics [5].
The second setup is a dripping experiment, in which the fluid exits the nozzle at
a far lower velocity (We < 1), allowing the formation of a hemispherical droplet
at the end of the nozzle. Due to the slow fluid release, capillary forces are at
first in balance with gravitational forces. The profile of a static pendant drop
of fixed volume is solely determined by the Bond number [75]. As the drop
becomes heavier, gravity overcomes surface tension and a capillary instability
is formed between the nozzle and the drop. After the initial instability, the
fluid begins to fall, creating a slender liquid filament before a drop separates.
At a filament radius where the Bond number is sufficiently small, the capillary
pressure in the thread is solely driving the breakup. At this point, the thinning
of the filament is insensitive to the flow rate and the nozzle dimension [5], so it
can be used to study the universal breakup of viscous liquids [67, 75, 76] and
viscoelastic liquids [77–79].
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Finally, the third geometry consists of an unstable liquid bridge that is generated
by rapidly pulling two rigid cylindrical plate apart. After the initial step strain,
there is no imposed velocity (We = 0) and the interplay of inertial, viscous,
elastic and capillary forces governs the thinning rate of the bridge. The main
advantage of this configuration is that the thinnest part of the filament, which
characterises the thinning rate, remains approximately at a fixed Eulerian
location. Providing the setup with a laser micrometer or a high-speed camera
suffices to quantify the complete thinning dynamics. Consequently, the liquid
bridge is at present the most popular configuration to measure rheological
properties of liquids during breakup (see Section 2.1.3) and it will be employed
for most free-surface flow experiments in this work.
2.2.4 Small perturbations and linear stability
In this section, we will explain the physical mechanism of the transition of a
circular jet into a series of small droplets as well as the associated characteristic
time and length scales. This breakup is driven by the surface tension of the
liquid because a lower energy state is reached by minimising the surface area (i.e
the formation of spherical drops). Surface tension can be physically understood
as an energy per unit of area, so if the surface area increases with δS, the
surface energy Es changes with
δEs = γδS. (2.14)
The Belgian physicist Joseph Plateau [1] was the first to realise that a jet is
rendered unstable by any perturbation that reduces the surface area. A periodic
perturbation can be decomposed in a superposition of independent Fourier
modes and such a sinusoidal disturbance is presented as
R = R0 + ε cos(kz) (2.15)
where ε is a small number and k = 2pi/λw is the wavenumber of the instability.
Figure 2.7 shows a water jet with forced sinusoidal disturbances at different wave
numbers [80]. The change in surface energy caused by a sinusoidal disturbance
is evaluated by integrating the surface tension over the perturbed surface of
the jet. The surface energy is only reduced for dimensionless wave numbers
kR0 < 1, indicating that any perturbation with a wavelength larger than the
perimeter of the jet is potentially unstable.
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kR0 = 0.683  
Figure 2.7: Photographs of water jets with unstable disturbances at two distinct
wave numbers [80].
However, this thermodynamical description only reveals an unstable range of
modes, but does not provide an optimal wavelength, which had been previously
deduced from experiments by Savart [74, 81] as λw = 8.76R0. Lord Rayleigh [2]
was the first to realise that the existence of the most unstable wavelength
could be identified by considering the fluid dynamics in the jet. An instability
causes differences in the Laplace pressure between constricted and the expanded
regions, driving the fluid out of constricted regions and thus reducing the radius
even more. Starting from an undisturbed jet, the disturbance amplitude will
be dominated by the mode corresponding to the fastest growth rate. This
wavelength determines the final size of the emerged droplets and the growth
rate of the instability is crucial to detect at which speed the instability develops.
Rayleigh performed a linear stability analysis on the Navier-Stokes equations,
assuming an inviscid liquid with η = 0. The perturbation has the form ε(t) =
ε0e
ωt, where ε0  1. The perturbation is unstable if the real part of the growth
rate ω is positive, indicating that the amplitude of the surface waves grows
exponentially. The growth rate is expressed as
ω2 = −t−2R kR0
(
1− (kR0)2
) I1 (kR0)
I0 (kR0)
, (2.16)
where I0 and I1 are the modified Bessel Functions. Figure 2.8a shows the
dispersion curve of the dimensionless growth rate ω tR versus the dimensionless
wavenumber. The most amplified wavenumber is found at kmR0 = 0.697 -
or expressed as a wavelength λw = 9.01R0 - and the cut-off wavenumber of
kR0 = 1 is in agreement with Plateau’s theory.
Viscous stresses considerably alter the dynamics of the jet instabilities. As
the viscosity increases, inertia becomes less important and the viscous stresses
become dominant in resisting the formation of the capillary instabilities. This
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Figure 1. Dispersion curve predicted by linear instability of a viscoelastic jet and comparison
to a purely viscous jet and an inviscid jet. The formation of satellite droplets is suppressed at
wavenumbers larger than k! 0.85 at Oh =0.04 and k! 0.75 at Oh =0.4. The axial jet profiles
at long times are calculated using nonlinear analysis.
(2010) showed that inertia is required for the initial formation of such structures and
that satellite beads do not form if the liquid is suﬃciently viscous. Here we show that
increasing the critical wavenumber suppresses the formation of satellite beads for low
viscosity and weakly elastic liquids. It is clear that the spatiotemporal dynamics of the
thinning jet greatly impact the ability to use the process of jet breakup as a rheometer.
The information shown in figure 2(a,b) can be condensed into the space–time
diagram plotted in figure 3(a). Contour plots of log10(R) in the z− t plane show the
oscillations of both the satellite and main droplets due to capillary forces. A thin
axially uniform thread forms between these droplets and an exponential thinning can
be clearly observed in the thread connecting the main drop and the satellite drops
(green–blue regions). For the wavenumber corresponding to the maximum growth
rate, k=0.675, a single satellite droplet forms (figure 3b). Both the satellite and
primary droplets oscillate due to interaction of capillary and inertia. The period of
oscillation for second harmonic infinitesimal-amplitude perturbations of a drop of an
inviscid liquid is given by Rayleigh (1879) as T =(π/
√
2)R3/2drop , equal to T =5.8 and
T =0.96 for the main and satellite droplets, respectively. The period of oscillation
of the main drop and secondary drop for k=0.675 determined from figure 3(b) are
5.4 and 1.06, respectively. Lamb (1932) considered the eﬀect of small viscosity on
the small-amplitude oscillation of drops and showed that the damping ratio for the
second harmonic oscillation is ξ =(2.5Oh/
√
2)R−1/2drop . Basaran (1992) calculated the
nonlinear oscillation of a viscous drop and showed that the period of oscillation
increases as disturbance amplitude rises. The above calculations are for Newtonian
fluids; Bauer & Eidel (1987) and Khismatullin & Nadim (2001) considered the eﬀect
of fluid viscoelasticity on the small-amplitude vibration of drops.
As the disturbance wavenumber increases beyond the one corresponding to the
maximum growth rate, k=0.8, the size of the secondary droplet decreases and
the oscillations of the satellite droplet are dampened more rapidly (figure 3c). For a
wavenumber of k=0.9 close to the cutoﬀ wavenumber, we see the formation of an axi-
ally uniform thread, which is more appropriate for extensional rheometry (figure 3d ).
We next investigate how the temporal evolution of a jet can be used to measure
the tensile rheological properties of a viscoelastic liquid. For a viscoelastic liquid at
ωtR 
kR0  
(b)
Figure 2.8: Di ensionless growth rate of sinusoidal perturbations on a cylinder
as a function of the dimensionless wave number kR0: (a) according to inviscid
Rayleigh theory [82] and (b) with the effects of viscosity and elasticity [83].
results in a reduction of the growth rate and an incre se of the most unstabl
wavelength [13, 14], which is shown in the viscous dispersion curve in Figure
2.8b. The linear stability analysis on the full Navier-Stokes equations in the
long wave limit [84] provides a growth rate
ω = t−1R
(√
1
2
(
(kR0)2 − (kR0)4
)
+ 94Oh
2 (kR0)4 − 32Oh (kR0)
2
)
(2.17)
and a most unstable wavenumber
kmR0 =
1√
2 +
√
18Oh
. (2.18)
Finally, the effect of viscoelasticity on the initial stages has been investigated
[68,83,85]. In general, adding a small a ount of flexible polymers to a Newtonian
liquid suffices to induce dr matic changes in the je breakup [77]. However,
performing a linear stability analysis on a viscoelastic jet shows that the
instabilities grow faster compared to a Newtonian fluid with the same Ohnesorge
number [83] (see Figure 2.8b). The im rtance of this bse vation appears to
be rather small, since non-linear effects quickly start dominating the br kup
in these fluids.
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2.2.5 Non-linear effects and similarity solutions
Linear theory is successful in describing the initial stages of breakup.
Nevertheless, perturbation theory cannot be extended to the regime close
to breakup. The growth of sinusoidal modes can for instance not explain basic
features such as satellite drops, so the inclusion of non-linear effects is essential.
The three-dimensional Navier-Stokes equations are too complicated to obtain an
analytical solution describing the non-linear motion in the free-surface flow. It
is, however, possible to simplify these equations using a slenderness assumption.
When the fluid thread is long and thin, the flow is predominantly oriented in
the axial direction, so the velocity field is essentially one-dimensional. The
slenderness assumption is closely related to the lubrication approximation that
is traditionally applied to flows in a narrow channel [86]. The Navier-Stokes
equations are simplified by stating that the typical radial length scale of the
problem is much smaller than the longitudinal scale `r  `z. The situation of
free-surface flows is, however, much more complicated. In a classic lubrication
flow, viscous stresses are balanced by a pressure difference, while inertia does
not matter. The relative importance of inertia, viscosity and surface tension
during free-surface flows depends on the physical properties of the fluid and the
filament size. Moreover, the ratio of the radial and longitudinal length scale
depends on the solution of the free-surface problem and is time dependent.
A one-dimensional approximation is obtained by expanding the velocity field in
the radial direction and assuming that the lowest-order terms should suffice to
describe the radial motion. Independently, Eggers and Dupont [87] and Garcia
and Castellanos [88] gave essentially the same leading-order equations. The
procedure to derive the leading-order equation is described in detail in Appendix
C and results in the following continuity and momentum equation respectively
∂R
∂t
+ v ∂R
∂z
= −R2
∂v
∂z
(2.19)
ρ
(
∂v
∂t
+ v ∂v
∂z
)
= −γ ∂κ
∂z
+ 3η
R2
∂
∂z
(
R2
∂v
∂z
)
− ρg, (2.20)
where the mean curvature of the axisymmetric surface κ is defined as
κ = 1
R
√
1 + (∂R/∂z)2
− ∂
2R/∂z2
(1 + (∂R/∂z)2)3/2 . (2.21)
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Although the leading-order contribution to the mean curvature is κ = 1/R,
the higher order terms are generally incorporated in simulations, because these
terms result in equilibrium surface shapes that are in better agreement with
experimental observations [5, 89].
Free-surface shapes are remarkably similar near the pinch point, independent
of initial conditions. A drop of water falling from a faucet and the water
jet, respectively shown in Figure 2.5a and 2.7, both form a slender filament
that ultimately ruptures near the surface of the forming drop rather than in
the centre of the filament. On the other hand, a dripping experiment with
glycerine forms a very long symmetrical thread. So while the initial dimension
of the experimental setup (i.e. the nozzle radius) hardly seems to affect the
shape, there is a strong dependence on viscosity. As the motion near a point of
breakup gets faster, only fluid very close to that point is able to follow, making
the breakup localised both in space and time. Thus one expects the motion
to become independent of initial conditions and the flow only depends on an
internal length scale `v, which is solely based on the physical properties of the
liquid [67,90]
`v =
η2
ργ
. (2.22)
Note that this length scale is closely related to the Ohnesorge number as
`v = Oh2R0. By using the the capillary velocity vc = γ/η, the corresponding
internal time scale tv is found as
tv =
η3
ργ2
. (2.23)
The absence of a characteristic length scale near the pinch point suggests that
a similarity transformation must exist for this problem. In the case of self-
similarity, the solution of a flow problem is a function of some dimensionless
combination of dimensional independent variables and parameters of the
problem, rather than a function of z and t separately [91]. We call this
dimensionless combination a similarity variable and denote it as ξ. The basic
idea of self-similarity is that the series of profiles R(z, t) and v(z, t) for various
fixed times t will collapse into a single universal form when plotted as a function
of ξ rather than as a function of z. To rescale the one-dimensional flow equations
(Eqs. 2.19 and 2.20), the intrinsic scales (Eqs. 2.22 and 2.23) are chosen as
units of length and time, and the point (z0, t0) where the singularity occurs as
the origin of the coordinate system. The dimensionless coordinates are thus
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(a)
asymptotic behavior, Eq. (114), it must lie on a two-
dimensional submanifold parametrized by a0
1 ,b0
1 for
j!` and by a02 ,b02 for j!2` . All other solutions de-
viate exponentially from the correct behavior. Thus,
even without specifying a0
6 and b0
6 , the asymptotic be-
havior (114) amounts to one algebraic constraint on the
solution at 1` and one at 2` . There is only a one-
dimensional manifold of solutions consistent with this.
The remaining degree of freedom is eliminated by con-
sidering the structure of singularities in the interior of
the domain. Rewriting Eq. (113) in the form
f85f
12c8/2
c1j/2
,
one discovers that there must be a point j0 with
c~j0!1j0/250. (118)
Thus the interface will have a singularity unless the con-
dition
c8~j0!52 (119)
is also met. A closer analysis reveals that this is a mov-
able singularity with a simple pole in c and an algebraic
branch point in f , which disappears with the condition
(119). Clearly, the velocity cannot be infinite at finite
t8, so one has to restrict oneself to a regular expansion ,
f~j!5(
i50
`
f i~j2j0!
i,
(120)
c~j!5(
i50
`
c i~j2j0!
i.
Except for j0, the only free parameter in this expansion
is f05f(j0); all other f i and c i follow from it (Eggers,
1995a). Analyzing the higher orders of this expansion,
one finds a finite radius of convergence. Thus the proce-
dure for finding a solution consistent with all the condi-
tions is the following: One starts with a pair of values
(j0 ,f0), from which the solution can be integrated out-
wards to 1` and 2` . Generically the solution will not
be consistent with Eq. (114), but only a one-dimensional
submanifold of (j0 ,f0) will lead to the correct
asymptotic behavior at 1` and 2` , respectively. The
points where they cross correspond to physical solutions
of Eqs. (112), (113). Such a solution was found by Egg-
ers (1993) and compared with numerical simulations
(Eggers and Dupont, 1994). The corresponding similar-
ity functions are plotted in Fig. 17, and some character-
istic parameters are given in Table II. Recently, addi-
tional solutions consistent with the physical conditions
were discovered (Brenner, Lister, and Stone, 1996). One
of these additional solutions, which probably form an
infinite sequence, is also listed in Table II. All corre-
spond to much smaller f0, and thus to thinner threads
than the solution of Fig. 17. Using the stability analysis
of the next subsection, Brenner, Lister, and Stone (1996)
have shown that the additional solutions are extremely
FIG. 17. The similarity functions f1 and c1 before breakup. Note the strong asymmetry.
TABLE II. Some characteristics of the similarity functions
f1,c1 before breakup. The first row corresponds to the func-
tions represented in Fig. 17, the second row to the most stable
of the additional solutions found by Brenner, Lister, and Stone
(1996). The symbol j0 stands for the position of the stagnation
point, where the fluid is at rest in the frame of reference of the
interface. The minimum value of f1 is fmin . The function
c1 reaches a maximum value of cmax . The numbers a0
6 stand
for the limits limj!6`f1(j)/j2. All numbers are accurate to
the decimal places shown.
j0 fmin cmax a0
1 a0
2
21.5699 0.030426 23.066 4.635 6.04731024
21.8140 0.010785 24.698 52.75 '5.31024
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Figure 2.9: (a) Asymmetric pinching f glycer l-water mixture with O = 0.36.
The scale bar represents 50 µm. (b) The similari y functio φ and ψ f the
universal inertia-viscous scaling before breakup [5].
z
′ = (z − z0)/`v and t′ = (t0 − t)/tv. The filament radius and the velocity are
expressed with the similarity description [90]
R(z, t) = `v|t′ |α1φ(ξ), (2 24
v(z, t) = `v
tv
|t′ |α2ψ(ξ) (2.25)
where φ(ξ) and ψ(ξ) ar the similarity func ions that solely d pe d on h
similarity variable ξ, defined as
ξ = z
′
|t′ |β . (2.26)
The values of the exponents α1, α2 and β are retrieved by balancing the terms
in the equation of motion. When all terms of the Navier-Stokes equations are
used, the balance of surface tension, viscous and inertial stresses results in the
universal scaling first described by Eggers [90]. In this case, the exponents
are α1 = 1, α2 = −1/2 and β = 1/2. These scales for the pinching problem
are in fact already implicitly present in the slenderness assumption used for
the derivation of the one-dimensional Navier-Stokes equations (see Eq. C.15).
This inertia-viscous (IV) scaling is called universal, because it provides an
asymptotical solution for all Newtonian liquids when breakup is approached or
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t
′ → 0. The similarity description allows transforming the equation of motion
into a set of coupled, ordinary differential equation for the similarity functions
φ(ξ) and ψ(ξ). The solutions are presented in Figure 2.9b and indicate the
extreme asymmetry of the solution. On the steep right side of φ(ξ), the solution
merges onto the drop and on the left side it forms a thin thread. The solution
thus predicts that the minimal radius of the filament is located close to the
droplet, which agrees with experimental observations [67, 76]. The minimum of
the similarity function φ(ξ) equals 0.0304 and is used to predict the evolution
of the minimal radius of near pinch-off
Rm(t) = min [φ(ξ)] `v|t′ | = 0.0304 γ
η
(tp − t) (2.27)
with tp the pinching time. Despite the tremendous theoretical importance
of this inertia-viscous (IV) scaling, this scaling is not commonly observed in
practice. Only fluids with moderate Ohnesorge numbers display a perceivable
transition to this scaling at very small filament radii [92–95]. Figure 2.9a shows
an example of a filament of a glycerol-water mixture with Oh = 0.36 where the
asymmetric shape of the Eggers similarity solution can be recognised. For more
viscous fluids, inertia mainly causes a vertical shift of the necking point along
the filament towards the drop when approaching the breaking point [4]. This
rapid shift of the neck explains the formation of satellite drops at each breakup
event, which might result in an unwanted bimodal droplet size distribution [17].
2.2.6 Scaling laws for Newtonian fluids
Away from breakup, filament thinning is captured by other self-similar scalings.
The dynamics of a Newtonian liquid are at this point governed by either inertia or
viscosity, giving different thinning laws. For very viscous liquids corresponding
to large Ohnesorge numbers, inertia may be neglected whereas viscosity is
omitted for water-like fluids. A boundary between these two thinning regimes
was defined by Campo-Deaño and Clasen [95] with a critical Ohnesorge number
Oh∗ = 0.2077. Hence, for fluids with Oh < Oh∗, the behaviour is initially
captured by an inertia-capillary (IC) balance, whereas the thinning is described
by a viscous (V) scaling for fluids with Oh > Oh∗. Ultimately, the thinning
adopts the universal Eggers’ scaling (see Eq. 2.27), but the critical radius at
which this transition occurs may not be within observable limits. Since the
former scaling laws dominate for a longer period, they are more relevant from
an experimental rheological perspective.
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Figure 2.10: Closeup of the pinching of a water drop taken at tp − t = 0.01
ms. The white lines indicate the edges in the focus plane, showing double-cone
shape near pinch-off. The scale bar represents 50 µm.
As indicated by the Rayleigh timescale tR, breakup happens very fast for liquids
with a small Ohnesorge number, where the capillary pressure is solely resisted by
the inertia of the accelerating fluid elements. Figure 2.10 shows a water filament
in the final instances before pinch-off. The filament is very asymmetrically
shaped as a double-cone, with one shallow angle and the other larger than
90◦. This overturning of the profile impedes a one-dimensional parametrisation
of the filament radius R(z, t) close to pinching [96]. Similarity solutions for
water-like liquids were thus discovered by solving the full inviscid equations
of motion [97, 98]. Nevertheless, the profile shape can still be captured with
the similarity description of Eqs. 2.24-2.26 using the exponents α1 = 2/3,
α2 = −1/3 and β = 2/3, resulting in an evolution of the minimal radius
Rm = 0.64
(
γ
ρ
)1/3
(tp − t)2/3 . (2.28)
This 2/3-power scaling of the time until the pinch time tp was already apparent
in the expression of the Rayleigh timescale (see Eq. 2.9) and the front factor
was numerically determined [94] and later experimentally confirmed [79]. The
self-similar profile adopts a unique shape with two cones of angles 18.1◦ and
112.8◦, independent of the initial conditions [98].
More viscous fluids have a significantly longer filament lifetime. Above the
critical Ohnesorge number, the filament thins and breaks in the middle between
the droplets (see Figure 2.11a). This different scaling is found by dropping the
inertial term in the momentum equation and thereby reducing it to the linear
Stokes form. A symmetric self-similar solution to this equation was derived by
Papageorgiou [99] with similarity exponents α1 = 1, α2 = −0.825 and β = 0.175.
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312b
24~11b!2
5
E
x0
`
~dx/x8x3!
E
x0
`
~dx/x8x4!
.
Employing both Eqs. (149) and (155), the integrals lead
to hypergeometric functions F , so one finally has (Grad-
shteyn and Ryzhik, 1980)
~12b!~312b!
~11b!~322b!
5
F~21/22b ,12b ,3/22b ,2322b!
F~21/22b ,22b ,5/22b ,2322b!
,
(156)
which is the desired equation for b . Incidentally, the
particular ratio of hypergeometric functions appearing
in Eq. (156) can be evaluated very efficiently in a
continued-fraction representation (Bender and Orszag,
1978, p. 396), giving
b50.17487 . . . , (157)
in agreement with Papageorgiou’s result. Brenner,
Lister, and Stone (1996) have shown that the solution
thus found is not the only one, but again there is an
infinite sequence of solutions. They correspond to the
first nonvanishing term in the expansion of x being not
of second order, as in Eq. (152), but of higher-order.
Again, the higher order solutions are much more un-
stable than the one corresponding to Eq. (157). But this
is not all. By a combination of asymptotic analysis and
numerics, Renardy (1995) has shown that singularities
with power laws different from (144) may occur, de-
pending on initial conditions. In particular, the exponent
with which the local radius goes to zero as a function of
ut8u may vary continuously between 1/2 and the value 1
of Eq. (144). In the case of slowly varying initial data,
however, the present Stokes solution is expected to oc-
cur.
Finally, to transform back from Lagrangian coordi-
nates to real space, one has to integrate the relation
z85E
0
a
H22~ a¯ ,t !da¯ .
In similarity variables, this amounts to
j
j¯
5E
1
fSt~j!/x0 ~x1312b!~112b!/2
x~x21 !1/2
dx , (158)
where the integral can be done numerically without
great fuss. The normalization length j¯ is arbitrary and
depends on initial conditions. For practical purposes one
will have to fit it to experiment. Both scaling functions
fSt and cSt in the Stokes case are plotted in Fig. 28. The
scaling function cSt of the velocity is found from
cSt~j!5E
0
j 6x0
21x02fSt~ j¯ !
3fSt
2 ~ j¯ !
d j¯ . (159)
A straightforward analysis of the asymptotics for large
uju reveals that
fSt~j!;uju1/b, (160)
cSt~j!;uju~b21 !/b,
as is required for a proper matching onto a static outer
solution.
Figure 29 shows the middle portion of the neck
between two drops in a jet experiment at high viscosity,
Re=0.32 (Kowalewski, 1996). As required by the simi-
larity solution of the Stokes equation, the solution is
symmetric, with the singular point in the middle. In Fig.
29(a) we have fitted a similarity solution (144) with
ut8u50.22 to the neck by adjusting the axial scale. The
minimum thickness of the neck, by contrast, is predicted
without adjustable parameters and agrees well with ex-
periment. This thickness has more than twice the value
one would have expected from the asymptotic similarity
solution, which includes inertia. Part (b) of Fig. 29 shows
the same neck at a later stage, ut8u50.12, compared with
FIG. 28. Scaling functions of the Stokes similarity solution, fSt and cSt .
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Figure 2.11: Viscosity dominated thinning: (a) filament of a Newtonian silicon
oil with Oh = 2.6 (the scale bar shows 100 µm) and (b) the symmetric similarity
functions φSt and ψSt of the Stokes similarity solution [5].
The similarity variable ξ can, however, only be computed using an arbitrary
normalisation length, which depends on the initial conditi s. Th s im lies
that the Stokes solution is universal, up to a single parameter which sets the
width of the solution. The Stokes similarity functio s φSt and ψSt are sh wn in
Figure 2.11b. The minimal ra ius behaves like
Rm(t) = 0.0709
γ
η
(tp − t) , (2.29)
so with the s me linear time dependancy as the Eggers scaling, but wi h a
different numerical prefactor.
2.2.7 Scaling aw for gener lised Newt nian fluids
The self-similar scaling laws for pinching have been extended to non-Newtonian
fluids [3]. A firs important cate ory are the generalised New onian fluids,
which are not elastic and for which the viscosity is a function of the deformation
rate. The strain thinning of these fluids is generally described by a power law
dependence on the second invariant of the rate of deformation tensor II2D
η = Kn|II2D|(n−1)/2, (2.30)
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a viscous Newtonian fluid, and dilute acrylic paint behaves like
a polymeric elastic fluid.
The typical structure of the pinch region for various concen-
trations of hair gel diluted with deionized water is shown in
Fig. 10. The pinch for 60% hair gel is qualitatively similar to pure
hair gel, while the 27% mixture shows signs of the ‘‘beads on
a string’’ structure typical of polymeric fluids.8,27 An analysis of
the time dependence of the minimum neck radius is shown in
Fig. 11. Although the 100% hair gel follows a single power law
over the entire experimentally accessible range, the diluted
Fig. 5 The pinch profile at various stages of pinching for acrylic paint
and mayonnaise.
Fig. 6 Mayonnaise at 0.8 mmper pixel magnification and foam at 3.1 mm
per pixel. The mayonnaise magnification was achieved using a 20!
objective on the bellows at full extension. The oil drops in the mayonnaise
are "10 mm.
Fig. 7 log–log plot of neck radius as a function of time to pinch, where s
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Figure 2.12: Very localised pinching of mayonnaise, which behaves as a power
law with n = 0.35 [102].
where n is the power law exponent and Kn is the co sistency index. This
expression is used to find a similarity solution in the form of Eqs. 2.24-2.26
with exponents α1 = n, α2 = −n/2 and β = 1− n/2 [100, 101]. The minimal
filament radius varies as
Rm = Φ
γ
Kn
(tp − t)n , (2.31)
where the prefactor Φ is a numerical factor depending on the power law
exponent n [100]. This scali g has been successfully use on concentrated
emulsions and other consumer products that exhibit inelastic shear thinning
behaviour [102, 103]. Not surprisingly, the breakup is accelerated for shear
thinning liquids (n < 1) compared to Newtonian liquids. The strain rate has the
highest valu in the thinnest regio of the filament and co sequently the viscosity
of the liquid decreases at the necking point. This local decrease in the effective
viscosity leads to a positive feedback effect and the strain rate accelerates
continuously. Hence, the fluid column displays enhanced axial gradients with a
very localised pinch region (see Figure 2.12). In fact, a detailed analysis for the
power-law fluid shows that the slenderness assumption is violated for a power
law fluid with exponent n ≤ 2/3 [100]. So, even if the base viscosity is high,
thread-like features close to breakup disappear and the breakup is less likely
to produce satellite droplets. This might be a desirable effect for filling and
dispensing operations from an engineering point of view.
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the dilute solution !Table II". This increase in relaxation time indicates intermolecular
interaction in the semidilute solutions.
B. Satellite formulation for dilute polymer solutions
Having characterized the relaxation times of the viscoelastic fluids, we examine the
drop formation following the filament breakup of the dilute polymer solutions. The effect
of disturbance wavelength-to-diameter ratio, initial disturbance amplitude, and fluid re-
laxation time on satellite drop formation will be discussed. For a given wavelength-to-
diameter ratio, the applied frequency is based on the measured jet diameter rather than
the nozzle diameter. For the 50% glycerol, the jet diameter is less than the nozzle diam-
eter due to gravitational acceleration acting on the jet. The Froude number
Fr !
#2
gd , !10"
which is a measure of the relative effects of inertial forces to gravitational forces is 915
for a jet with 0.05 cm diameter, indicating a small degree of contraction. The jet diam-
eters of the polymer solutions are larger than that of the 50% glycerol due to a die swell
effect. For each fluid, the jet diameter is measured at 0.25 cm from the nozzle exit, except
for the 0.043% 5000k PEO, where the jet diameter is measured at 2.5 cm from the nozzle
exit. At a flow rate of 25 ml/min, the measured jet diameters range from 480 to 730 $m.
Figure 4 depicts the jet breakup mechanism for the 50% glycerol and the dilute
polymer solutions at %/d ! 4.5 !the wavelength-to-diameter ratio of the fastest growing
FIG. 4. Effect of viscoelasticity on jet breakup due to a forced disturbance at %/d ! 4.5 and V rms
! 100 V: !a" 50% glycerol !8.0 ms", !b" 0.3% 100k PEO !8.3 ms", !c" 0.1% 300k PEO !8.6 ms", !d" 0.05%
1000k PEO !8.7 ms", and !e" 0.043% 5000k PEO !60 ms". Flow direction is from left to right. The number
following each fluid indicates time from the nozzle exit to the left of image. Image size is 20 000
"2000 $m.
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Figure 2.13: Effect of viscoelasticity on jet breakup of aqueous solutions: (a)
50% glycerol, (b) 0.3% 100k PEO, (c) 0.1% 300k PEO, (d) 0.05% 1000k PEO
and (e) . 43% 5000k PEO [104].
2.2.8 Breakup of viscoelastic fluids
The thinning of viscoelastic fluid jets may differ substantially from Newtonian
jets. Whereas he linear instabilities are still quite similar (see Section 2.2.4), the
presence of high molecular weight, flexible polyme s comple ely lters non-linear
dynamics of the jet [68]. The uniaxial extensional flow that is present in the
filament is very efficient in unraveling the polymer chains. This deformation
leads to large elastic stresses that stabilis the breakup process by forming
cylindrical threads between the droplets. Figure 2.13 shows a series of aqueous
jets with the same Ohnesorge number, but with increasing elasticity [104]. The
first image shows as a reference a 50% glycerol-water jet for which thinning is
controlled by an inertia-capillary balance. By adding polymers to the solution,
the jet morphology changes completely. As the molecular weight of the polymer
increases and elastic stresses in the fluid become increasingly important, the jet
breakup evolves from the inviscid asym etric shape towards the typical beads-
on-a-str ng (BOAS) morphology with cylindrical filam nts. Consequently, the
breakup length increases and the formation of small satellite drops is suppressed.
The non-linear dynamics of a viscoelastic jet were for the first time successfully
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simulated by Bousfield et al. [105] using the Oldroyd-B model. It was shown
that the elastic stresses grow exponentially in the neck as a result of the
uniaxial deformation induced by the ever-increasing capillary pressure. This
unbound growth of the axial elastic stresses occurs for extensional flows with a
Weissenberg number Wi = λ˙ > 1/2, which corresponds to strain rates where
the macromolecules unravel from the coiled to the stretched state. The necking
of the filament is at this point governed by an elasto-capillary balance, resulting
in an exponential decrease of the minimal filament radius
Rm ∼ e−t/3λ, (2.32)
where λ is the relaxation time of the fluid. This evolution of the filament implies
that the fluid selects a constant extension rate of ˙ = 2/(3λ) (see Eq. B.9) in
the elasto-capillary balance, corresponding to a Weissenberg number Wi = 2/3.
The expressions for elasto-capillary thinning were generalised by Entov and
Hinch [106] to a dilute polymer solution with an arbitrary spectrum of relaxation
times, λi {i = 1, . . . , n}. Using a simple zero-dimensional stress balance with a
multimode finite extensible non-linear elastic (FENE) dumbbell model, they
showed that after a short transition period, the filament selects a necking
rate so that only the mode with the longest time constant is in fact being
stretched. Anna and McKinley [61] examined the same problem with a Zimm
spectrum of relaxation times, λi = λz/i3/2, where λz is the Zimm relaxation
time or the longest relaxation time of the entire polymer chain. Since the
longest mode λz attains an elasto-capillary balance in which the Weissenberg
number Wi = λz ˙ = 2/3, all other modes experience a weak stretching flow
with Wi = λi˙ = 2/(3 i3/2) for i ≥ 2. This value is below the critical value of
Wi = 1/2 required for a coil-stretch transition in a uniaxial extensional flow, so
these modes only augment the negligible viscous response of the solvent.
Since it was established that there is only one dominant relaxation time
during the elasto-capillary balance, an analytical solution for the thinning
of a viscoelastic fluid can be evaluated using the one-dimensional description of
the equations of motion with an FENE dumbbell model with a single relaxation
time [17, 107]. This description is similar to the Newtonian case (Eqs. 2.19 and
2.20), but there is an additional polymeric normal stress component ∆σp in the
momentum balance. The polymeric stresses are related to the corresponding
components of the conformation tensor A that provides a measure for the shape
and orientation of the polymer [25, 108]. The non-linearity of the dumbbell
is taken into account by a maximum extension, expressed with the finite
extensibility parameter L. Two additional microstructural evolution equations
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relate the dumbbell conformation to the flow field and thus provide a rheological
equation of state to evaluate the elastic stress. If the polymers are still far from
full extension, the elasto-capillary balance is retrieved where the elastic stress
increases at the same rate as the radius decreases. By demonstrating that the
profile in the corner region connecting the filament to the drop is self-similar
with a typical length scale that is set by the thread radius, Clasen et al. [107]
achieved a modified expression for minimal radius:
Rm =
(
GR40
2γ
)1/3
e−t/3λ, (2.33)
where G is the elastic modulus. The elasto-capillary regime continuous until the
polymer chains reach their finite extensibility limit and the elastic stresses cease
to grow and balance the increasing capillary pressure. The necking dynamics
deviates from the exponential decay and the filament radius decreases linearly
corresponding to a viscous liquid with a very high and anisotropic elongational
viscosity resulting from the fully extended polymer chains [109, 110]. The
filament diameter evolves according to
Rm =
γ
2 ηE
(tp − t) , (2.34)
where ηE is the steady state uniaxial elongation viscosity. This limiting viscosity
can be described by molecular parameters from the dumbbell model [61,106]
ηE = 3 ηs + 2GλL2
(
1− 12λ˙
)
, (2.35)
where ηs is the solvent viscosity, which is often negligible.
2.3 Conclusions
In this chapter, we have explained the importance of extensional rheology and
the difficulties in measuring the extensional rheological properties of a liquid.
Since extensional deformations generate a strong irrotational flow field that
can induce large deformations in the microstructure of a complex fluid, the
extensional rheology cannot be predicted from the shear response. However,
directly measuring extensional properties is difficult as it is rather complicated
to generate a pure extensional flow field. Some experimental methods have been
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developed to determine a transient extensional viscosity by actively stretching a
liquid sample and measuring the stress during the deformation. Unfortunately,
for low viscous fluids, surface tension destabilises the liquid filament so that
force measurements are impossible.
An alternative measurement technique for these low viscous fluids is provided
by capillary breakup rheometry. This technique exploits surface tension to
create a uniaxial extensional flow field in a filament and material parameters
are determined by monitoring the breakup dynamics of this free-surface flow.
Since there is no external forcing in this measurement, the fluid column selects
its own time scales and the interpretation of the filament thinning data is not
so straightforward.
Hence, a thorough understanding of the dynamics in free-surface flows of
complex fluids is required. The theory is quite mature for Newtonian liquids
owing to the use of linear stability analysis and similarity solutions to predict
the initial and final stages of the thinning, respectively. In general, the thinning
dynamics depend on the relative importance of inertial and viscous stresses,
which can be expressed with an internal length scale `v or with the dimensionless
Ohnesorge number. The breakup behaviour of complex fluids is very different
from that of Newtonian liquids and various (de)stabilising phenomena are
observed. Viscoelasticity, for instance, creates long stable threads, whereas
locally destabilised filaments are formed for generalised Newtonian liquids. Non-
Newtonian constitutive laws are usually not well tested in the non-linear regime
of various free-surface flows and this thesis aims to provide new experimental
observations on the breakup of complex fluids. For that reason, we study the
thinning dynamics of two model systems, i.e. dilute polymer solutions and
suspensions of non-colloidal spheres in a Newtonian medium.
Chapter 3
Materials and methods
In this chapter, we introduce the materials and experimental methods that are
used in this work. Section 3.1 presents the polymer solutions and suspensions
that are studied in Chapters 5 and 6, respectively. Some basic physical properties
of the fluids are included, however more advanced characterisation can be found
in the following chapters. The different experimental techniques are presented
in Section 3.2, where we mainly review two free-surface flow setups, i.e. the
capillary breakup rheometer and the jetting setup. The modifications that were
made to the optical components of these setups as well as the image processing
routines are discussed in Chapter 4.
3.1 Materials
3.1.1 Polymer solutions
The model polymer solutions that are studied in Chapter 5 consist of a series of
dilute polyethylene oxide (PEO) solutions in water. Similar solutions have been
used in other jetting and capillary breakup studies [15, 79, 95, 104,111] allowing
comparison of our results to literature data. Moreover, PEO is used as a water-
soluble industrial additive to enhance the rheological product performance. It
is for instance added in very low concentrations to water-based agricultural
sprays to reduce turbulent frictional drag and to prevent misting [112]. Two
types of PEO were used to prepare the solutions, both with an approximate
molecular weight of 106 g/mol: PEO1 (PolyOx Resin WSR N-12K, Dow, USA)
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c η ρ γ
(wt%) (mPa.s) (kg/m3) (mN/m)
PEO1 0.10 1.68 998 62.2
PEO2 0.05 1.31 998 62.4
0.075 1.51 998 62.4
0.10 1.72 998 62.4
Table 3.1: Characteristics of the model polymer solutions at 22◦C.
and PEO2 (Sigma Aldrich, Bornem, Belgium). PEO2 was used for most jetting
experiments after the observation that PEO1-solutions were rather susceptible
to UV-degradation. Solutions with three different concentrations were prepared
by allowing the polymer to dissolve in distilled water on a rolling bench for 24
hours. The samples were shielded from light and all experiments were performed
within 72 hours after preparation to minimise the effect of degradation of the
polymer molecules. Some important physical properties of the solutions are
listed in Table 3.1. Although we expected the same rheological behaviour of the
solutions of both polymers at the same concentration, we detected significant
differences, especially in extensional flows. We will elaborate on these differences
in Chapter 5.
3.1.2 Suspensions
The model suspensions that are studied in Chapter 6 consist of non-Brownian
spherical particles dispersed in Newtonian silicone oils with volume fractions φ
between 0.02 and 0.40. The key physical properties of the poly(dimethylsiloxane)
(PDMS) oils at a temperature of 22◦C are summarised in Table 3.2. Three
different-sized particles are used: polystyrene spheres with a radius Rp = 10
µm (PS10) and Rp = 20 µm (PS20), and poly(methyl methacrylate) spheres
with Rp = 3 µm (PMMA3) (Dynoseeds, Norway). The roughness of the
PS spheres has been determined by AFM measurements to be of 100 nm by
Deboeuf et al. [113]. The particles are initially dispersed in the continuous
phase using a vortex mixing device (Vortex Genie 2, Scientific Industries) and
the suspensions are subsequently placed on a rolling bench for 30 minutes to
homogenise the samples. The PS spheres have a density ρ = 1050 kg/m3 and for
the PMMA spheres ρ = 1180 kg/m3. To judge the stability of the dispersions,
the sedimentation velocity vs,0 for dilute suspensions is calculated using Stokes’
law:
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γ ρ ηm
(mN/m) (kg/m3) (Pa.s)
PDMS1 21.0 1070 0.180
PDMS2 21.0 970 0.360
Table 3.2: Characteristics of the silicone oils at 22◦C.
vs,0 =
2R2p∆ρg
9ηm
, (3.1)
where ∆ρ is the difference between the densities of particle and fluid, ηm is the
medium viscosity and g is the gravitational constant. This formula is based on
the assumption that particle inertia can be neglected, which can be verified with
the particle Reynolds number Rep = ργ˙R2pη−1m  1. For more concentrated
suspensions, the settling is slowed down because the required back flow of the
liquid in the upward direction is hindered by the presence of the neighbouring
particles. The settling velocity vs is calculated by the empirical Richardson-Zaki
expression [114]
vs
vs,0
= (1− φ)6.55 , (3.2)
where the exponent is chosen to match the prediction for dilute particle
concentrations by Batchelor [115]. The maximal sedimentation velocity is
determined for the dilute samples of PS20 to be of vs ≈ 10 µm/min. Therefore,
each capillary breakup experiment is performed within 15 minutes after
(re)dispersing the particles using the vortex mixer.
Because micron-size particles are investigated in a relatively high-viscosity
medium, Brownian motion is unable to re-distribute the particles and eliminate
particle density gradients within the timescale of the experiment. This can be
verified by the Péclet number Pe, which is the ratio of the rate of advection by
the flow to the rate of diffusion by Brownian motion in a dilute dispersion:
Pe =
6piηm˙R3p
kBT
, (3.3)
where kB is the Boltzmann constant and T is the absolute temperature. The
strain rate has the lowest value during capillary breakup experiments of the most
viscous samples and a characteristic value ˙ ∼ 10 s−1 can be estimated by the
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Unit description
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6.3.2 Instrument
The CaBER 1 instrument is shown in Fig. 4. The central col-
umn contains the linear motor and the rheometer plates.
These rheometer plates are mounted axially in the unit and
will be referred to as the upper and lower measurement
plates in this document. Both plates are usually stainless
steel and are supplied with a 6 mm diameter (the user may
choose other options available from Thermo Haake). The
lower plate is mounted on a manual micrometer that allows
vertical adjustment of the plate position. It is this adjustment
that defines the rheometer geometry for the tests.
CaBER 1 instrument: Closed Opened Plates detail
Fig. 4:
Note the groove around the lower plate is intended to catch
any waste material or act as a solvent reservoir if necessary.
As can be seen the “wings” of the instrument can be moved
backward for ease of access. This part of the housing con-
tains the laser micrometer.
The upper plate is removable and has a hole through its
center that allows injection of fluid during loading.
1
2
3
4
Figure 3.1: Picture of the CaBER with the top (1) and bottom (2) plate in
detail. The linear motor (3) and the sliding covers for the laser micrometer (4)
are also highlighted.
inverse viscous time scale ˙ ∼ t−1η = γ/ (ηR0). Even for the smallest particles,
the Péclet number is of the order Pe = O(104), which justifies neglecting
Brownian motion in our study.
3.2 Methods
3.2.1 Capillary breakup rheometer (CaBER)
Capillary breakup rheometry is a rheological technique, in which a fluid droplet
is rapidly stretched between two plates to create an unstable liquid bridge.
The necking subsequently monitored in order to extract information on the
extensional flow properties of a low viscous fluid. The technique was introduced
in Section 2.1.3 and the physical principles of surface-tension-driven flows of
different materials were discussed in Section 2.2. The experiments are performed
with the CaBER-1 extensional rheometer (Thermo Haake GmbH, Karlsruhe,
Germany), shown in Figure 3.1. The central column contains a linear motor
that is connected to the upper plate. The position of the lower plate can be
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changed with a micrometer screw to vary the final gap size L1. Both plates are
made of stainless steel. Two sliding covers contain the laser micrometer, which
tracks the temporal evolution of the mid-filament diameter with a resolution of
10 µm.
The experiments are executed at an ambient temperature of 22◦C with circular
disks with a radius R0 = 2 mm. These small disks are chosen to reduce
gravitational sagging. Gravitational effects lead to a weak axial flow, such that
more than half of the initial sample volume is found below the mid-plane. Since
the analysis of the filament thinning always presumes an axial symmetry, this
drainage should be minimised. The Bond number, which expresses the ratio
of gravitational to capillary forces, has an initial value of Bo ≈ 1 with these
plates. During the thinning process, the Bond number will decrease, so the
filament is only drained by capillary forces [116]. The initial gap is kept fixed
at L0 = R0 = 2 mm, leading to sample volumes of 0.03 ml. The fluid samples
are carefully loaded between the plates with a syringe to avoid air bubbles in
the fluid. The syringe is generally connected to a nozzle with an inner diameter
of 0.25 mm to precisely control the sample loading, but nozzles with a larger
diameter of 1.36 mm are employed for the suspensions to avoid changes in the
volume fraction.
The unstable liquid bridge is created by stretching in a linear motion over a
timespan of 50 ms. The final gap L1 depends on the investigated sample. The
suspensions are stretched to separations of 6 and 8 mm to create nice slender
filaments. However, the low viscous polymer solution already break during the
initial stretching phase with these final distances. The final gap is therefore
reduced to L1 = 5 mm, which is only slightly above the upper stability limit
L1 = 2.25R0 of a liquid cylinder [117]. This small stretch step creates very
short filaments with an inherently high axial curvature. These filaments can
hardly pass for slender filaments and the self-similar scaling laws do not apply,
because these laws are founded on the slenderness approximation [95]. As the
filament gets thinner, it evolves to a slender shape and the extracted radii can
be used to determine the extensional flow properties.
In the experiments that are presented in this study, the evolution of the minimal
filament radius Rm is not monitored with the laser micrometer of the CaBER.
The laser micrometer only captures the mid-point radius, which is not necessarily
the minimal radius for complex fluid threads [111]. Instead the thinning
dynamics are determined with a high-speed camera (Fastcam SA2, Photron,
USA) to better capture the heterogeneous nature of the filament near breakup.
The camera is connected to a tube lens system equipped with 5x and 10x
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microscopic objectives (Olympus, Japan) that is described in Section 4.1. Images
are generally taken at a rate of 3000 fps with a shutter time of 10 µs, but rates
can be increased to 9000 fps for examining the final pinch-off dynamics. The
image series are analysed with the Matlab-based, self-written image processing
routines that are discussed in Section 4.2.2. The code determines the shape
of the edges of the filament (which can for instance be used to calculate the
curvature) and allows following the evolution of the minimal radius in time
Rm(t). The extracted radius data can be used to calculate the evolution of the
Hencky strain H(t) and the strain rate ˙(t)
H(t) = 2 ln
(
R0
Rm(t)
)
(3.4)
˙(t) = − 2
Rm(t)
dRm(t)
dt
. (3.5)
These formula’s are based on a uniaxial extensional flow field of a cylinder (see
Appendix B) and are therefore approximate values. The strain rate generally
varies with time, except for an elastic sample, where the exponentially decreasing
radius is consistent with a uniaxial extensional flow with a strain rate of
˙ = 2/(3λ) (see Eq. B.9).
There are two methods of extracting quantitative material information from
the instrument based on the temporal evolution of the minimal filament radius.
The former consists of fitting the data with the appropriate scaling law for
capillary breakup in order to extract rheological parameters (e.g. viscosity η or
the relaxation time λ). The fluid properties control whether inertia, viscosity
or elasticity is dominantly resisting surface tension and determine which of
the scaling laws presented in Section 2.2 is valid. This strategy is mostly used
throughout this study. The latter method consists of converting the radius data
into an apparent extensional viscosity ηE,app by assuming that the stress equals
the capillary pressure of a cylindrical filament γ/Rm [61, 118]. Combining this
stress with the expression for the strain rate in Eq. 3.5, the apparent extensional
viscosity is defined as
ηE,app(t) = − γ2 dRm/dt . (3.6)
Since the radius of a Newtonian liquid decreases linearly in time during capillary
breakup, the apparent extensional viscosity is constant for a Newtonian liquid.
However, the curvature effects during the thinning of a viscous filament, as
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Figure 3.2: Experimental setup for the jetting tests with the Photron SA2
high-speed camera with tube lens and the Harvard syringe pump to control the
flow rate.
expressed by the coefficient in the viscous similarity solution (Eq. 2.29), are
neglected in the definition of ηE,app. Hence, Eq. 3.6 overestimates the apparent
Trouton ratio of Newtonian liquids, giving Tr = ηE,app/η = 7.05 instead of
the standard Trouton ratio Tr = 3. In contrast, a viscoelastic sample shows
significant strain hardening with ηE,app ∼ λ exp(t/3λ) during the elasto-capillary
regime.
3.2.2 Jetting setup
Figure 3.2 shows the experimental setup used to study jet breakup of a polymer
solution. A syringe containing 50 ml of the sample fluids, is placed in a syringe
pump (Harvard Apparatus, Holliston, MA, USA) to deliver fluid at a constant
flow rate and is connected with a flexible tube to a nozzle (Nordson EFD
precision tips). Two different nozzles with diameters of 0.15 mm and 0.25 mm
are used throughout the experiments. The thinning dynamics of the jet are
visualised with a high-speed camera (Fastcam SA-2, Photron, San Diego, CA,
USA) connected to one of two employed lens systems. The former consists of
a tube lens system (see Section 4.1) equipped with a 5x Olympus microscopic
objective to obtain high resolution images (1.9 µm/pixel) in order to detect
variations in the filament shape. Consequently, the field of view of this lens
is limited to 1.46 x 2.37 mm and the jet was captured with multiple images.
Hence, the nozzle is mounted on a two-dimensional linear stage driven by a
micrometer screw allowing a precise motion of 50 mm in the vertical direction.
44 MATERIALS AND METHODS
Figure 3.3: Schematic drawing of the critical overlap concentration c∗ of a
polymer solution.
The latter is a lower magnification 55 mm focal length telecentric lens (TEC-M55
Computar, CBC, Tokyo, Japan) with a spatial resolution of 9.5 µm/pixel to
capture the breakup mechanism of jets with a higher velocity. Illumination
is provided with a fiber optic illuminator Fiber-Lite DC-950 (Dolan-Jenner
Industries, Boxborough, MA, USA) and a 50 mm condenser lens.
All experiments are executed according to the same protocol: first a stable flow
is ensured by waiting 90 s and the jet is subsequently captured by taking a
series of pictures of its different sections. The images are taken at a rate ranging
from 3000 to 3600 frames/s with a shutter time of 2.7 µs. The image processing
is carried out with a self-written algorithm based on the robust Canny edge
detector [119] that is discussed in more detail in Section 4.2.4. The different
minima of the jet radius are linked in the subsequent images based on their
location to obtain the temporal evolution of each instabilities. The presented
data is averaged by following the thinning of at least 10 instabilities for each
flow rate.
3.2.3 Intrinsic viscosity measurements
The rheological response of a polymer solution changes tremendously as the
concentration increases above the critical overlap concentration c∗. At this
critical concentration, the solution is completely filled with polymer coils and
the coils start to interpenetrate as shown in Figure 3.3. The critical overlap
concentration marks the transition from a dilute regime to a semi-dilute solution.
The flow properties of dilute solutions (c < c∗) are determined by interactions
between the polymer coil and the solvent, whereas intermolecular interactions of
the polymer coils dominate the flow behaviour of semi-dilute solutions (c > c∗).
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In order to calculate the concentration c∗ where the solution is completely filled
with non-overlapping coils, we need to obtain information about the dimensions
of a single polymer coil.
A straightforward estimate of the coil size in a specific solvent is provided by the
intrinsic viscosity [η], which should not be confused with the dynamic viscosity η
that is frequently encountered throughout this work. It is actually a measure for
the capacity of a polymer to increase the viscosity of a solution. The viscosity
of a polymer solution can be conceived as the sum of the solvent viscosity ηs
and the polymeric contribution ηp:
η = ηs + ηp = ηs (1 + ηsp) , (3.7)
where ηsp = ηp/ηs is the specific viscosity that expresses the incremental
viscosity due to the presence of the polymer coils. To determine the interactions
between a single polymer molecule and the solvent, viscosity measurements are
performed for dilute polymer solutions. Although the polymers are isolated
from each other in dilute solutions, there are still occasional coil overlaps during
flow [120]. These interaction are only prevented in an ideal dilute solution when
the polymer concentration c→ 0. The intrinsic viscosity [η] is determined by
extrapolating the reduced viscosity ηred = ηsp/c to zero polymer concentration:
[η] = lim
c→0
ηred. (3.8)
The intrinsic viscosity is thus the incremental viscosity per unit concentration
of the polymer extrapolated to zero concentration. The value of the intrinsic
viscosity is affected by many parameters, such as molecular weight, polymer
architecture (branching), temperature and solvent. The intrinsic viscosity can
be related to the dimensions of the polymer coil by assuming that each coil in
the dilute solution contributes to the viscosity as would a hard sphere of radius
equal to the radius of gyration Rg of the coil [108]. The specific viscosity is then
described by Einstein’s formula for the viscosity of dilute suspensions [114]:
ηsp = 2.5φ. (3.9)
The specific viscosity solely depends on the polymer volume fraction φ that can
be described with the polymer concentration c and the density of the dissolved
polymer ρc, giving
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φ = c
ρc
= cNAVh
Mw
, (3.10)
where NA is Avogadro’s constant, Mw the molecular weight and Vh the
hydrodynamic volume of the coil. By combining Eqs. 3.8 - 3.10, it is clear that
the intrinsic viscosity can be considered as a measure for the volume demand
of the single polymer coil in ideally diluted solution and is thus inversely
proportional to the density of the polymer coil [120]:
[η] = 2.5
ρc
. (3.11)
Hence, the product of the polymer concentration and the intrinsic viscosity
c[η] is often used as measure for the polymer volume fraction. Moreover,
knowledge of the intrinsic viscosity allows for the determination of the size of
a single polymer coil in a dilute solution. Since a dissolved polymer molecule
has density variations within the coil, the hydrodynamic volume cannot be
calculated as if the polymer were a hard sphere. We can, however, assume that
the hydrodynamic volume is proportional to the radius of gyration to the third
power Vh ∼ R3g and with this understanding, we can combine Eqs. 3.10 and
3.11 to the so-called Fox-Flory equation:
[η] =
Φ0R3g
Mw
. (3.12)
In this equation, the constants are combined in a single Flory constant Φ0 =
3.67× 1024 mol−1, which is the same for all polymers regardless of the solvent
and temperature [121,122]. The knowledge of the dimensions of a single polymer
coil allows for the calculation of the critical overlap concentration c∗, where
the solution volume is completely filled with polymer coils. We choose to work
with the criterium from Greassley [122], where the overlap concentration c∗ is
defined as the concentration where the average chain spacing is 2Rg, giving
c∗ = Mw8R3gNA
= Φ08NA[η]
= 0.77[η] . (3.13)
As the intrinsic viscosity depends on the coil dimensions, it is often employed
to determine the molecular weight of an unknown polymer. This relation is
easily deduced for a polymer dissolved in a theta solvent, in which the polymer
behaves like an ideal chain. For these systems, the radius of gyration squared is
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proportional to the molecular weight of the polymer R2g ∼Mw, which allows to
rewrite Eq. 3.12 as
[η]θ = K[η],θM1/2w . (3.14)
For non-theta systems, this equation can be corrected with a polymer expansion
factor α = [η]/[η]θ that is dependent on the molecular weight and has to
be determined experimentally. This results in the Mark-Houwink-Sakurada
relationship
[η] = K[η]Maw, (3.15)
where K[η] and a are constants for a given polymer-solvent system at a given
temperature. The exponent a is a measure for the solvent quality and hence
describes the solution structure of the dissolved polymer [123].
In this study, the intrinsic viscosity was determined by measuring a series
of dilute polymer solutions. The viscosity is accurately measured with an
Ubbelohde viscometer equipped with a capillary with a diameter of 0.53 mm
(Schott Instruments). Although these solutions are very dilute, they are not
ideal and there are still interactions between single polymer coils taking effect
during the flow. Hence, the specific viscosity is described with a quadratic
dependence on the polymer volume fraction c[η], also known as the Huggins
equation. The reduced viscosities of the dilution series are then fitted with a
linear dependancy from the concentration c to determine [η]:
ηred =
ηsp
c
= [η] +KH [η]2 c. (3.16)
In this equation, the second term captures interactions between single polymer
coils in a non-ideal solution using the Huggins constant KH , which is constant
for a given polymer-solvent system [120]. We have selected 6 solutions with a
relative viscosity ηr between 1.2 and 2.5 to guarantee an exact analysis. The
data points below the critical value ηr = 1.2 can deviate from the linear fit,
because measurement errors are amplified in the calculation of the reduced
viscosity [120]. Dilutions with a relative viscosity above the upper critical
limit might not satisfy the linear relationship of Eq. 3.16 due to increasing
intermolecular interactions.
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3.2.4 Other methods
Shear rheometry
Shear rheological measurements on the suspensions are performed with a strain
controlled rheometer (ARES-G2, TA Instruments) equipped with a double
wall Couette geometry. This geometry is less sensitive to sedimentation of the
particles than a parallel disk system, where the top plate would rotate in pure
medium fluid with even minor settling. The gap of the double wall Couette
measures 1.7 mm, which is significantly larger than the maximum particle
diameter.
Because the viscosity of the polymer solutions is near the lower detection limit of
the rotational rheometer, we have determined the viscosity of these samples with
the more sensitive Ubbelohde viscometer, that was introduced in the previous
section.
Surface tension measurements
The surface tension γ is measured with a platinum Wilhelmy plate with a
wetted length of 20 mm that is attached to an electrobalance (KSV Nina). The
measurement is repeated three times and the average value is taken.
Chapter 4
Capillary breakup with high
resolution imaging
Prior to discussing the experimental results, we introduce some modifications
to the capillary breakup setup that are made during this work. The free-surface
flows are consistently recorded with high-speed photography and improvements
were made to the image resolution as well as to the post-processing of these
images. Section 4.1 discusses the tube lens that was specifically built for the
CaBER setup. This lens was also employed during some jetting experiments
requiring a higher spacial resolution. Section 4.2 introduces the different image
processing routines that are used extract information from the images. The code
to process the images of a static capillary breakup experiment is illustrated in
Section 4.2.3 where the software is applied to a set of tests that were performed
on the Cambridge Trimaster.
4.1 Lens systems
The Capillary Breakup Extensional Rheometer (CaBER) that was introduced
in Section 3.2.1, is designed to function as a stand-alone setup. After a fast
stretching step, the mid-point radius of an unstable filament is followed with laser
micrometer. By carefully selecting the final stretch distance, the extensional
flow properties of model viscous samples with a viscosity η > 70 mPa.s can be
determined using the laser micrometer as well as relaxation times λ > 1 ms for
elastic liquids [111].
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However, in many fluids, the minimal filament radius is not found at the
mid-point between the two end droplets. This is observed for instance in low
viscous liquids [76,95,111] and in several two-phase systems such as emulsions
and suspensions [102,103]. A single point measurement is thus insufficient to
determine the minimal filament radius of these fluids and the entire filament is
recorded with a high-speed camera to follow the pinch-off dynamics.
Additionally, high resolution imaging of the filament can provide improved or
complementary information on the breakup behaviour. For very low viscous
liquids, high curvature effects will dominate the initial thinning process. The
slender filament approximation, which is used in all theoretical predictions of
capillary thinning, is not valid for these curved filaments. Hence, material
parameters like viscosity or relaxation time can only be extracted at the later
thinning stages [95]. At this point, the filament is very thin so reliable data
is only obtained with a high resolution lenses. High resolution imaging has
furthermore been used to distinguish individual micron-sized particles in a
sample and to track their positions under extensional flow [124].
Since we are interested in phenomena close to breakup within this study, the
lens system of our CaBER setup must have an adequate resolution. This is
especially important for the experiments on non-colloidal suspensions, which are
described in Chapter 6, where we want to visualise the flow of individual particles
during the breakup process. In order to fulfil this resolution requirement, the
high-speed camera is coupled with a microscopic objective (Olympus, Japan).
4.1.1 Microscopic lenses and infinity optics
As we are using a high resolution lens, it is crucial to understand the concept of
optical resolution. The resolution of a lens is defined as the minimum distance
between two objects that can still be distinguished as two separate entities. The
ability of a lens to resolve detail is not only determined by the quality of the
lens, but it essentially limited by diffraction. Light coming from a point in the
object diffracts through the circular lens aperture and appears as a diffraction
pattern in the image. This pattern is known as an Airy pattern (see Figure
4.1a) and consists of a central bright spot -the Airy disk - and surrounding
bright rings separated by dark zones. The Airy disk contains 84 percent of the
luminous energy and is perceived as the image point. Based on the knowledge
of this diffraction pattern, different standards have been developed to determine
whether or not points can be distinguished (see Figure 4.1b and 4.1c). The
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Figure 4.1: Illustration of the Airy disk with the intensity distribution: (a) a
single Airy pattern, (b) two disks that are just far enough to be resolved and
(c) two disks that are not individually resolvable by the Rayleigh criterion.
most common standard is the Rayleigh criterion that specifies that two points
are discernible if the Airy disk of the first point overlaps with the first dark
ring of the second point. This criterion gives the following expression for the
resolution of a lens:
rlens =
0.61λw
NA , (4.1)
where λw is the wavelength of the light and NA is the numerical aperture of the
lens. The numerical aperture is a measure for the ability of the lens to gather
light and describes the acceptance cone of an objective. It is defined by
NA = n sinα (4.2)
where n is the refractive index of the medium in which the lens is operated
and α is the half-angle of the maximum cone of light that can enter or exit the
lens. It can be seen that a larger numerical aperture corresponds to a larger
aperture which decreases the size of the Airy disk according to Fraunhofer
diffraction theory [125]. It is important to remark that resolution should not
be confused with magnification. Increasing the magnification without changing
the resolution results in empty magnification without further detail. Since the
numerical aperture of microscopic objectives is considerably higher than other
(zoom) lenses with the same magnification, their resolution is superior.
Nearly all microscopic objectives that are currently sold are from the infinity-
corrected type. As their name suggests, these objectives direct light into parallel
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Figure 4.2: Comparison of the light path of (a) a standard and (b) an infinity-
corrected microscopic objective [126].
rays focused at infinity. An infinity-corrected system focuses light rays exiting
the objective to the real image plane with the help of a secondary tube lens
(see Figure 4.2b), this in contrary to a classic finite system (see Figure 4.2a),
where no second lens is required to form a intermediate image near the back
focal point of the objective lens. Infinity-corrected lenses offer two advantages:
longer working distances and the ability to add in-line components (e.g. filters,
beamsplitters, etc.) to the system. The parallel optical path between the two
lenses ensures no additional aberrations will be generated when supplementary
components are added to the path.
The term infinity optics does not imply that the tube lens can be positioned at
an infinite distance from the objective lens. Figure 4.2b shows that light from an
object on the optical axis moves parallel to this axis along the optical path after
passing the objective lens. On the other hand, light coming from the periphery
of the object forms a flux of parallel rays which advances at a diagonal angle to
the optical axis. Because of this, there is a maximum distance between the two
lenses: if the distance would be too large, there will be rays of light that cannot
be captured by the tube lens. This causes the image around the edges of the
field of view to become dark or blurred, preventing the microscope to perform
at its full potential. Although this technique is used by all major microscope
manufacturers, there are some subtle differences between their systems. For
instance, Nikon and Olympus systems correct for aberrations in their objective
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Figure 4.3: Design of the tube lens.
lenses, whereas the correction in Zeiss and Leica systems occurs in the tube
lens. Since the light rays are not one hundred percent parallel to the optical
axis after the objective, each manufacturer has a different tube lens (see Table
4.1), which is optimised for their objectives.
Manufacturer Tube lens focal length (mm)
Olympus 180
Nikon 200
Zeiss 164.5
Leica 200
Table 4.1: Common infinity-corrected tube lengths.
4.1.2 Tube lens design
Since our lab has a collection of Olympus microscopic objectives, we have chosen
to design a lens that mimics the tube lens inside an Olympus microscope. Figure
4.3 shows an illustration of the lens design. The key component is a bi-convex
lens with a focal length of 175 mm, which roughly equals the standard focal
length of an Olympus tube lens (see Table 4.1). This lens is placed in a lens
tube with zoom housing that provides 4 mm of linear travel for the lens with
high precision (0.5 mm per revolution), which is used for fine tuning of the lens
position. The microscopic objective is positioned at a distance of 50 mm from
the bi-convex lens. Although the design has been tested for 5x, 10x, 20x and
50x objectives, only the two objectives with the lowest magnification are useful
for CaBER experiments. A higher magnification lens has a smaller depth of
field, making it more difficult to obtain sharp images of the thinning filament.
The resolution of the different objectives is listed in Table 4.2. The design
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(a) (b)
Figure 4.4: Image of a calibration cylinder (R = 1 mm) with a 5x objective
mounted on (a) an earlier tube lens design without diaphragms and (b) the
current tube lens.
can be slightly altered to include a special objective lens turret, allowing the
attachment of four different microscopic objectives to the tube lens. However,
the lens turret hinders positioning the tube lens near the CaBER, because of
space limitations caused by the side covers of the instrument. Contrary to a
regular microscope, the objectives are not perfectly parfocal in our design. The
focal plane can shift up to 150 µm by switching objectives, which is more than
3 times larger than the depth of field of the 10x objective.
Magnification rlens (µm)
5x 6
10x 3
20x 2
Table 4.2: Resolution of the different objectives in combination with the tube
lens.
On the other side of the zoom housing, a tube system is placed to position
the camera sensor at the focal length of the bi-convex lens. Two diaphragms
are added to the design to better guide the light inside the tube. The former
is positioned near the camera and the latter is placed near the lens. The
importance of these diaphragms is illustrated in Figure 4.4, where two images
of a metal calibration cylinder are shown. The first picture is taken with the
initial version of the tube lens without diaphragms. The image is distorted due
to internal reflections of the light in the tubing, causing the appearance of two
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Figure 4.5: The new Caber setup with the high-speed camera equipped with
the tube lens and microscopic objective.
triangles and concentric circles within the image of the cylinder. In contrast,
the second picture is taken with the current design and displays none of the
former distortions.
High-speed imaging moreover requires sufficient light intensity. The maximal
shutter time of the camera is given by the inverse of the frame rate. Due to the
fast flow phenomena near breakup, shutter times are often considerably lower
than this maximum value, typically between 8 and 30 µs. Light is provided
by a 150 W quartz halogen light source (Fiber-Lite DC-950, Dolan Jenner,
Boxborough, USA) with an intensity control knob and is guided towards the
instrument through a flexible fiber optic cable. The light exiting the cable is
focused with a condenser lens to provide sufficient light intensity. Figure 4.5
shows the optical setup around the CaBER, with the tube lens mounted on
the high-speed camera on the left side and the fiber-optic illumination on the
right side. To prevent the tube lens from bending under its own weight, a
support system with a tube slip ring is included. This slip ring is attached to
a bottom plate which also supports the camera. The plate is connected to a
Newport linear stage allowing accurate positioning of the camera. Additional
information on the design is given in Appendix D including a technical drawing
and a components list.
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4.2 Image processing software
The free-surface flow experiments that are performed in this study are recorded
with high-speed imaging. The next step is the extraction of relevant information
from these images. When this surface tension-driven thinning of a fluid filament
is used as a rheological measurement, the determination of the minimal filament
radius Rm is required to extract quantitative material information (see Sections
2.2 and 3.2.1). Consequently, it is necessary to accurately determine the edges
of the filament to locate this origin of the draining flow. To this end, a set of
image processing routines was written in Matlab to obtain the evolution of the
minimal radius Rm(t) during static capillary breakup and jetting experiments.
Before discussing these specific routines, we start with a basic introduction on
edge detection, explaining some important concepts that are encountered in the
code.
4.2.1 Edge Detection
Throughout this work we have generated a large amount of 8-bit grayscale
images with the high-speed camera setup. Each pixel of these images only
carries intensity information, resulting in 256 shades of grey varying from black
at the weakest intensity to white at the strongest. Edge detection is an image
segmentation technique that is based on the discontinuity of the intensity values.
Edge pixels are thus pixels where the intensity value suddenly changes and edges
are sets of connected edge pixels. The transition between two intensity levels
ideally occurs over the distance of one pixel. However, that kind of intensity step
profile is only found in computer-generated animation. In reality, digital images
contain noisy and blurred edges. The noise level is principally determined by
the electronic components of the camera (e.g. the CMOS sensor) and the degree
of blurring is dictated by the focussing mechanism and the resolution of the
employed lens system. Real edges are more appropriately represented by an
intensity ramp profile, where the slope of the ramp is inversely proportional to
the degree of blurring in the edge.
The first column of Figure 4.6 shows a segment of an ideal vertical edge with
a horizontal intensity ramp profile. The third and fourth row of figure also
show the first and second order derivative. Moving from left to right along
the intensity profile, the first order derivative becomes positive at the onset of
the ramp, stays positive at the ramp points and returns to zero in the white
constant intensity zone. The magnitude of the first order derivative is thus a
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Figure 4.6: Detail of an ideal vertical edge is shown in the first column. The
intensity profile and the first and second order derivative of the intensity profile
are shown on the second, third and forth row respectively. The second and
third column depict the same edge that are corrupted with additive Gaussian
noise with zero mean and a standard deviation of 10−4 and 10−5.
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measure for the abruptness of the intensity level change and can be used to
detect the presence of an edge at an image point. The second order derivative
is zero for the entire profile except for a positive peak at the onset of ramp and
a negative peak at the end of the ramp. The sign of the second order derivative
marks whether an edge pixel lies on the light or dark side of the edge. The
intersection between a line connecting the two extrema of the second order
derivative and the zero intensity axis indicates a point called the zero crossing
of the second order derivative. These zero crossings can be used to locate the
centres of thick edges, as shown later in this section.
As previously mentioned, real images are unlike the ideal edge of in the first
column of Figure 4.6 not free of background noise. The images in in the second
and third column of Figure 4.6 are corrupted with additive Gaussian noise with
zero mean and a standard deviation of 10−4 and 10−5. The horizontal intensity
profile passing through the centre of the image is shown for each image together
with the first and second order derivative. Differentiating is a numerically
unstable process and is very sensitive to high frequency noise. By adding noise
to the image, the first order derivatives become increasingly different from the
noiseless case. The original step profile is even barely noticeable for the image
with the highest noise. The second order derivative is naturally even more
susceptible to noise. The original peaks are completely overshadowed by the
enlarged high frequency noise. This is even the case for the image with the
lowest noise level, where the noise is hardly visible in the image and the intensity
profile. Since the distinct positive and negative peak components are crucial
features for edge detection based on the second order derivative, these profiles
are impossible to process directly.
Because the images that are obtained with the high-speed camera comprise
similar noise levels to those shown in Figure 4.6, image smoothing should be
considered prior to using of derivatives for edge detection. Image smoothing is
accomplished by filtering in frequency domain with a lowpass filter. This filter
type modifies the Fourier transform of the image by weakening high frequencies
while passing low frequencies. The inverse Fourier transform renders a filtered
image where edges are blurred and the background noise is attenuated. The
most common lowpass filter to realise this smoothing is a Gaussian lowpass
filter, which is given in two dimensions by
G(x, y) = e−
x2+y2
2σ2 (4.3)
This filter reduces the intensity of structure at scales smaller than the Gaussian
standard deviation σ. It is crucial to use the appropriate value for σ because a
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too small σ does not sufficiently remove the background noise, whereas a very
high value blurs the edges so much that the edge location is slightly shifted.
As illustrated in Figure 4.6, edges can be located by detecting intensity changes
with first or second order derivatives. The use of second order derivatives will
be discussed in Section 4.2.2. First order derivatives can quantify the edge
strength and direction at a location (x, y) of an image f using the gradient
vector ∇f :
∇f ≡
[
gx
gy
]
=
[
∂f/∂x
∂f/∂y
]
. (4.4)
This gradient vector has the important geometrical property that it is oriented
in the direction of the greatest rate of change of f at location (x, y). The edge
is thus locally perpendicular to gradient direction α(x, y), which is measured as
α(x, y) = arctan
(
gy
gx
)
(4.5)
with respect to the x-axis. The edge strength is expressed with the magnitude
of ∇f
M(x, y) =
√
g2x + g2y, (4.6)
which is the value of the rate of change in the direction of the gradient vector.
The gradients are generally calculated using gradient masks, which are digital
approximations of the partial derivatives in the neighbourhood of a point.
Prewitt and Sobel operators are typical examples of such masks. When the
possible edge points are located, the final operation is selecting the stronger
edges. A common approach to achieve this objective is thresholding the gradient
image. Edge points are only chosen when the edge strengthM(x, y) is sufficiently
large. Combining thresholding with image smoothing will reduce the number of
broken edges.
In conclusion, three fundamental steps are performed in edge detection [127].
1. Image smoothing for noise reduction, usually with a lowpass filter.
2. Detection of edge points: local operation that extracts all points from an
image that are potential candidates to become edge points.
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3. Edge localisation: eliminate false edge points and select only the points
that are true members of the set of points comprising the edge.
In the following sections, two different techniques will be introduced that follow
these steps to determine the edges of capillary breakup filaments and the
contours of a liquid jet.
4.2.2 Minimal diameter detection in CaBER filaments
A more sophisticated technique using the second order derivative is employed to
determine the profile edges of the thinning filament during a CaBER experiment.
The processing routines are based on the Marr-Hildreth edge detector [128] that
localises edge points with a Laplacian of Gaussian filter ∇2G. The expression
for the Laplacian of Gaussian (LoG) is found by performing the following
differentiations:
∇2G(x, y) = ∂
2G(x, y)
∂x2
+ ∂
2G(x, y)
∂y2
(4.7)
=
(
x2 + y2 − 2σ2
σ4
)
e−
x2+y2
2σ2 . (4.8)
The Marr-Hildreth algorithm consists of convolving the LoG filter with an input
image f(x, y) and then locating the zero crossings of g(x, y) to determine the
edge points. The convolution operation can be rewritten as
g(x, y) =
[∇2G(x, y)] ∗ f(x, y) (4.9)
= ∇2 [G(x, y) ∗ f(x, y)] . (4.10)
This expression indicates that the filter meets two essential requirements for
an edge detector. First, the image is blurred with the Gaussian filter, hereby
reducing the background noise. The size of the Gaussian filter can be adjusted
to the desired scale by choosing an appropriate standard deviation σ. Large
values are required to process blurry edges, whereas small values suffice for
sharp focussed edges. The size of the filter is chosen such that it is slightly larger
than 6σ, as 99.7% of the volume under a 2D Gaussian surface lies between ±3σ
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(a) (b) (c)
Figure 4.7: Example of the image processing for CaBER filaments with (a)
the original picture, (b) the edge points detected with an LoG filter with σ = 1
and (c) the selected points with connectivity labelling and the location of the
minimal diameter.
around the mean. The Laplacian subsequently calculates the second derivative of
this corrected image to detect the edge points. The Laplacian has the additional
advantage of being isotropic, so it responds equally to intensity changes in
any direction and thereby avoids the use of multiple masks to determine the
strongest response at every image point [127].
This method was chosen for processing the CaBER images owing to its high
accuracy in finding the zero-crossing locations [129]. Hence, the edge points can
be located with sub-pixel accuracy with this technique. A similar technique was
employed by Crocker and Grier [130] to obtain sub-pixel locations of colloidal
particles with digital microscopy. In the final step of the algorithm the filament
edge points are selected by utilising connectivity labelling to find the longest
edge in the image. Figure 4.7 illustrates the edge detection of a typical filament
that was captured during a capillary breakup experiment. As a result of the
low value of σ, the LoG filter detects a large number of edge points, including
a large amount of false ones in the background. These false edge points are
however eliminated in the final step and the correct filament edges are recovered
in Figure 4.7c. The edges are used to determine the filament profile R(z) -
that is for instance essential to calculate the curvature of the filament - and to
establish the minimal filament radius Rm with sub-pixel accuracy.
The determination of the minimal radius in consecutive images is required to
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process CaBER experiments. To this end, a commercially available program
was written in Matlab that we have named Edgehog. The user interface of the
software is depicted in Figure 4.8. As discussed in Section 3.2.1 , the temporal
evolution of the minimal radius Rm(t) is used to deduce other experimental
parameters. For the calculation of strain rate ˙ and the apparent extensional
viscosity ηE,app with Eqs. 3.5 and 3.6, numerical differentiation of the minimal
radius is required. Since this operation is highly susceptible to noise, the filament
diameter data is smoothed with a Savitzky-Golay filter. This technique has been
preferred to a weighted adjacent averaging as it tends to better preserve features
of the data [131]. Furthermore, the software allows fitting of the minimal radius
with two models, one for viscous (Eq. 2.29) and one for viscoelastic samples (Eq.
2.33), to respectively extract the viscosity η and the dominant relaxation time λ.
4.2.3 Case: Cambridge Trimaster
As an illustration of the image processing code, a set of capillary breakup
experiments are processed that were performed by Damien Vadillo at Cambridge
University [132]. Four solutions of monodisperse polystyrene (PS) with different
molecular weights in diethyl phthalate (DEP) are examined. The polymer
concentration is varied to obtain approximately the same Ohnesorge number
(Eq. 2.10) for all samples. As a consequence, differences observed on the
experimental filament thinning profiles are directly associated with the non-
linear response of the polymer chains. The fluid properties are shown in Table
4.3, where the critical overlap concentration c∗ indicates that all samples are in
the dilute region.
Mw c
∗ c Oh λ
(kg/mol) (wt%) (wt%) (−) (µs)
PS110 110 3.74 0.5 0.079 197
PS210 210 2.80 0.4 0.079 92
PS306 306 2.49 0.2 0.074 ≈ 30
PS488 488 1.53 0.1 0.070 83
Table 4.3: Characteristics of the PS solutions in DEP.
Capillary breakup experiments on these fluids were performed with the
Cambridge Trimaster [133]. This apparatus is similar to the CaBER, but
the fluid is symmetrically stretched at a higher velocity of 150 mm/s to reduce
the stretching time and prevent breakup during the stretching step. The overall
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(a)
(b)
Figure 4.8: Image of the user interface of the Edgehog software with (a) the
processing window of a single filament image and (b) the processing window for
an image sequence.
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Filament-stretching and thinning transient prof iles
The fluids of series VI have been deliberately matched
in terms of viscosity (and inertia). As a consequence,
the Ohnesorge number of Eq. 14 will be constant for
the fluids of series VI and differences observed on
the experimental filament thinning transient profiles
can directly be associated with the nonlinear response
of the polymer chains in extensional flow. Figure 7
presents a series of images of the capillary break-
up experiments using the conditions described in the
“Materials and methods” section. The overall break-up
time for all samples was ≈9.5 ms and longer than the
pistonmotion time (≈5.3ms). The high-speed images in
Fig. 7 show that the filament initially thins as predicted
as an inviscid, inertia-controlled fluid (Oh < 0.2) with
a non-uniform geometry where the filament at the top
and bottom end thins faster than the mid-point. This
eventually resulted in the formation of a single central
droplet (Vadillo et al. 2010a) the diameter of which
increased with increasing polymer molecular weight
(see images at t = −22 µs in Fig. 7a and d). The necking
points above and below the droplet develop into long
lasting threads with increase of molecular weight. Close
examination of the last photograph of fluids with mole-
cular weight 306 and 488 kg/mol show the formation of
beads on the thin filament thread that eventually lead
to the formation of secondary droplets with diameter of
order of one hundredth of the central droplet.
Extensional rheology
The extensional relaxation time is usually extracted
from the mid-f ilament diameter Dmid evolution using
Eq. 3. In the present case, an exponential thinning is
observed in both filaments above and below the central
droplet. As a consequence, not Dmid but the mini-
mum diameter Dmin of the filaments is used in Eqs. 3
and 5 to extract the fluid extensional relaxation time
and apparent extensional viscosity.
These minimum filament diameters Dmin obtained
from the high-speed movies of Fig. 7 are presented in
Fig. 7 Images from the last 1.3 ms of the capillary break-up of
the dilution series VI of PS in DEP: a PS110 at 0.5 wt%, b PS210
at 0.4 wt%, c PS306 at 0.2 wt%, d PS488 at 0.1 wt%. Images
are taken from high-speed movies recorded at 45,000 fps with
an exposure time of 3 µs. Times of the pictures are, from left to
right, 0 ms, −1.31 ms, −0.98 ms, −0.64 ms, −0.31 ms, −0.089 ms,
−0.067 ms, −0.044 ms and −0.022 ms, using the break-up time as
time reference
(a) 
(b) 
(c) 
(d) 
Figure 4.9: Images from the last instances of the capillary break of different
solutions of PS in DEP: (a) 0.5 wt% PS110, (b) 0.4 wt% PS210, (c) 0.2 wt%
PS306 and (d) 0.1 wt% PS488. The number in the bottom of the images
indicates the time to pinch-off tp − t in ms.
breakup time for all samples was approximately 9.5 ms, which is longer than the
stretching time of 5.3 ms. The fluid is loaded between two cylindrical pistons
with a radius R0 = 0.6 mm and it is stretched from an initial distance L0 = 0.6
mm to a final distance L1 = 1.4 mm. The evolution the filament is recorded
with a high-speed camera (Photron Fastcam 1024 PCI) at 45 000 frames per
second with a spatial resolution of 5.6 µm/pixel.
Figure 4.9 shows the capillary-driven thinning and breakup of the different
fluids. The filaments display a non-uniform shape near pinch-off, where the
filament at the top and bottom ends thins faster than in the middle, resulting
in the formation of a single central droplet. This shape is characteristic for
inertia-controlled breakup, which is in agreement with the small Ohnesorge
number of the solutions. The necking points evolve in long slender threads
connecting the central droplet to the top and bottom drop. This observation
suggests that elastic stresses originating from the stretched polymer molecules
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Figure 4.10: Evolution of the minimal filament radius as a function of time.
The dashed lines represent fits of the elasto-capillary balance with Eq. 2.33.
have become sufficiently large to resist the diverging capillary pressure. However,
the relaxation time of the fluid must be very small because the elastic stresses
are unable to create a uniform cylindrical filament [133]. This breakup behaviour
where a central droplet is accompanied with a short living tail indicates that these
fluids are desirable for inkjet printing, because the limited amount of elasticity
tends to suppress the formation of unwanted satellite droplets [9, 133,134].
The minimal filament radii Rm(t) are acquired from the high-speed image series
with the Edgehog image processing software. Figure 4.10 exhibits the extracted
radii that are shifted along the time axis with a reference time tc to show that
the data points of the different samples overlap during the inertia-controlled
thinning until Rm ≈ 35 µm. This regime is followed by an elasto-capillary
balance where the radius decreases exponentially in time. The characteristic
relaxation times λ are obtained by fitting this exponential regime with Eq. 2.33
and the extracted values are listed in Table 4.3. The relaxation time of the
PS306 solution has a large uncertainty, because only 6 frames were used to fit
the exponential decay. Nevertheless, the relaxation times of the PS210 and
PS488 solutions are O(100 µs), making them the lowest values that have been
reliably obtained in capillary breakup experiments. Moreover, these values
are only slightly higher than the lowest relaxation times reported in uniaxial
extensional flows, which were measured with jetting rheometers [135,136].
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(a) minimal radius (b) apparent extensional viscosity
Figure 4.11: Comparison of (a) the filament minimal radius and (b) the
apparent extensional viscosity retrieved from the images of the PS110 solution
with the LoG filter and with thresholding.
The accurate detection of the relaxation is made possible by processing the
images with the LoG filter. Despite the limited spatial resolution of the camera
setup at Cambridge University, reasonably smooth radius data is obtained due
to the sub-pixel localisation of the edges. Figure 4.11a compares two methods of
extracting the minimal filament radius during the capillary breakup of the PS110
solution. The first data series is obtained with the LoG filter and these radii
were already presented in Figure 4.10. The second method converts each image
into a binary image, based on an intensity level threshold, before determining
the minimal radius. This data set is horizontally shifted with a factor δ = 0.4
in Figure 4.11a for a better comparison between the graphs. Since each radius
consists of a discrete number of pixels, this method generates a step function for
Rm(t), which is clearly visible for the data near pinch-off. Similar step functions
are frequently encountered as a description of the thinning dynamics of dilute
polymer solutions during capillary breakup [95, 111, 137, 138]. However, it is
challenging to extract reliable small relaxation times λ = O(1 ms) from these
measurements. Considering that the elasto-capillary balance only manifests
at small radii for fluids with limited elasticity, the relaxation time is retrieved
by fitting an exponential decay through a pronounced step function, inducing
significant uncertainties on the extracted parameter. On the contrary, small
relaxation times are determined with more accuracy from the smooth curves
that are acquired with the sub-pixel edge detection of the LoG filter.
Additionally, the calculation of the apparent extensional viscosity is more
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straightforward starting from smooth evolution of the radius. The required
numerical differentiation of Rm(t) (see Eq. 3.6) is very sensitive to noise, so the
use of discrete values induces more errors. This effect is illustrated in Figure
4.11b where the apparent extensional viscosity ηE,app is plotted as a function of
the dimensionless Weissenberg number Wi = λ˙. The elastic stresses generate a
strong increase in the apparent extensional viscosity during the elasto-capilary
balance, which is revealed by a constant Weissenberg number Wi = 2/3. Both
extensional viscosity and strain rate are calculated using a Savitzky-Golay filter
of second order polynomial and a fitting window of 15 points. Despite the
application of this smoothing filter, the extensional viscosities ηE,app that are
derived from the radii determined with simple thresholding, are clearly scattered
in the strain hardening region.
4.2.4 Jet radius detector
Different image processing routines are required to extract the evolution of
the radius from the images of the jetting flow. Contrary to the single static
liquid bridge geometry that is studied in the CaBER, a jet contains a series of
Rayleigh instabilities that each thin and eventually break up to form a stream
of droplets. The analysis is further complicated by the fact that the position of
these minima changes in time as the instability is translated along the jet, as
illustrated in Figure 4.12a. Additionally, the shape of the jet does not allow
reusing the edge detection code for CaBER filaments, introduced in Section
4.2.2. This code is specifically written to detect vertical edges and it frequently
overlooks edge points when the edge approaches an angle of 45◦. This inability
to locate tilted edges can be viewed in Figure 4.7c where the top and bottom
edge of the filament is not completely captured. As a result, the former code
is incapable of precisely describing the jet edges in the late stages of thinning,
where the connection of the thin filament and the drop generally exhibits edges
with angles well above 45◦ (see Figure 5.1).
Accordingly, the edges of the jet are localised with the robust Canny edge
detector [119]. This detector has a more complex algorithm, but its performance
is superior to the previously discussed methods. In summary, the Canny
algorithm consists of the following four basic steps.
1. Smooth the input image with a Gaussian filter.
2. Compute the angle image α(x, y) and gradient magnitude image M(x, y)
(see Eqs. 4.5 and 4.6).
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(a)
(b) (c)
Figure 4.12: Detection of the jet radius. (a) Images of a viscoelastic jet at
We = 25 with a time difference of 0.6 ms where the evolution of a single
instability is highlighted. (b) Local radius of the jet of the third image as
a function of the axial position. (c) The minimal radius Rm of the single
instability is followed in consecutive images and shown as a function of the axial
position. The filled symbols correspond to the images.
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3. Apply non-maxima suppression to the gradient magnitude image.
4. Use double thresholding and connectivity analysis to detect and link the
edges.
The first two steps have been discussed in Section 4.2.1. In the third step, the
wide ridges that are typically encountered around local maxima in the gradient
magnitude image, are thinned using non-maxima suppression based on the local
orientation of the edge, which is given by α(x, y). The final operation reduces the
false edge points by hysteresis thresholding, which uses two threshold values with
a ratio of the high to low threshold of 3:1. The edge points that are found with
the high threshold are considered ‘strong’ edge pixels, whereas the additional
edge points detected with the low threshold are viewed as ‘weak’ edge pixels.
After the thresholding operations, all strong pixels are assumed to be valid
edge points. Longer edges are created by filling the gaps in these strong edges
with some of the weak edge pixels using connectivity analysis. A more detailed
explanation of Canny detector is found in the book by Gonzalez and Woods [127].
Figure 4.12b shows the local radius of the jet of the third image in Figure
4.12a, which was determined with the Canny detector, as a function of the axial
position. The sequence of instabilities and droplets is captured in the graph
and generally, the minimal radius of the instability Rm gets lower as the jet
moves further away from the nozzle. Unlike the Marr-Hilldreth detector, the
Canny detector is unable to determine the position of the edges with sub-pixel
accuracy. Hence, a more accurate value of Rm is determined for each minimum
using a LoG filter with a standard deviation of 1.0. To process the jetting
experiments, we follow the dynamics of a single instability in consecutive frames.
The temporal evolution of the instability, expressed with Rm(t), is then used to
acquire extensional rheological information of the fluid. Since the jet velocity is
known, the minimal radii in the subsequent images are linked based on their
location. Figure 4.12c shows the decrease of minimal radius Rm of the single
instability in consecutive images and shown as a function of the axial position.
The filled symbols correspond to the instabilities that are accentuated in the
images of Figure 4.12a.
4.3 Conclusion
In this chapter, we have discussed some important modifications to the
experimental setup that is used to study free-surface flows in the following
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chapters. First, a new tube lens is introduced that allows the use of microscopic
objectives to visualise the filament breakup during a CaBER experiment. In
combination with an improved illumination path, this lens system significantly
enhances the spatial and temporal resolution of the setup.
The second part of the chapter considers several image processing routines that
are employed to extract the minimal filament radius Rm from the breakup
images. A modified version of the Marr-Hildreth edge detector is introduced that
locates the filament edge with sub-pixel accuracy. This detector is incorporated
into the Matlab-based Edgehog software that automatically processes images
of a CaBER experiment and calculates the extensional flow parameters. The
strength of the processing code is illustrated with a series of capillary breakup
experiments on model inkjet printing fluids. We are able to reliably determine
relaxation times λ = O(100 µs), which are the lowest values obtained in similar
experiments. Furthermore, the procedure to follow a single Rayleigh instability
during a jetting experiment is explained in the final section.
Chapter 5
Breakup of weak viscoelastic
jets
As a first model system, we study the capillary breakup of dilute aqueous
solutions of high molecular weight polymers. The presence of macromolecules
introduces some elasticity to the fluid, which dramatically changes the droplet
formation. Generally, the pinching of these fluids is examined with static
capillary breakup experiments, but we will also study the flow of a continuous
jet and show some remarkable differences between these two free-surface flows.
Moreover, we will assess the use of jetting flow as a rheological technique to
detect very low relaxation times.
5.1 Introduction
When a liquid is sent through a nozzle at sufficiently high velocity, a liquid
jet is formed that spontaneously disintegrated into a series of small droplets
under the influence of surface tension. Sinusoidal instabilities emerge on the
jet surface and progressively thin as the jet flows downstream. Adding a small
amount of flexible polymers to the liquid stabilises the jet and significantly
delays breakup. As the local radius of the instabilities decreases, elastic stresses
rapidly grow and the jet consists of a series of small droplets joined by small
threads, that become increasingly thinner with distance [68]. This typical ’beads-
on-a-string’ morphology is displayed in Figure 5.1 for an aqueous polyethylene
oxide (PEO) solution. Since such viscoelastic behaviour is very useful to
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Figure 5.1: Example of a jet of 0.1 wt% PEO solution from a nozzle with
an inner radius Rn = 75 µm at We = 4.0. Breakup occurs at a distance of
approximately 30 mm from the nozzle.
inhibit misting and suppress the formation of unwanted satellite droplet, high-
molecular weight polymers are often used as additives in spraying and printing
operations [4, 15,16,133].
Throughout the jetting process, the fluid is subjected to a complex extensional
deformation with rapidly varying strain rates. The breakup dynamics depend
on the magnitude of the inertial, viscous and elastic stresses, which can all act
to resist the capillary pressure within the filament. As discussed in Section
2.2.2, the relative importance of these resisting stress is described using two
dimensionless numbers [3–5]. The Ohnesorge number Oh = η/
√
ργR compares
the viscous and the inertial effects and the Deborah number De = λ
√
γ/ρR3
is the ratio of the characteristic elastic relaxation time λ of the fluid and
the inertia-capillary Rayleigh time of an inviscid jet. In these expressions, R
represents the radius of the jet.
Within this chapter, we study weak viscoelastic jets with Deborah numbers
that are of order unity and small Ohnesorge numbers Oh 1, so that viscous
stresses are negligible. The temporal evolution of a single instability of the jet
is shown in Figure 5.2, where a characteristic picture is included for each of
the four thinning regimes that govern the thinning of the jet. After exiting
the nozzle, the jet initially remains almost cylindrical and instabilities slowly
arise at the wavenumber km associated with the highest growth as predicted by
linear stability analysis (see Section 2.2.4). The amplitude of this instability
grows exponentially, resulting in high strain rates in the filament. The capillary
pressure is dominantly resisted by the inertia of the accelerating fluid elements,
resulting in an evolution of the minimal radius Rm near breakup described by
the inviscid similarity solution (see Section 2.2.6):
Rm = 0.64
(
γ
ρ
)1/3
(tp − t)2/3 . (2.28)
The rapid decrease of the filament radius locally induces large strain rates that
stretch the polymer molecules in the thread. As a result, the elastic stresses
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Figure 5.2: Thinning of a viscoelastic PEO jet with the different scaling regimes.
The growth of the instabilities is illustrated with a representative picture for
each of the regimes.
balances the increasing capillary pressure in the thread and the third regime,
the elasto-capillary balance, starts during which the filament radius decreases
exponentially in time (see Section 2.2.8) as
Rm =
(
GR40
2γ
)1/3
e−t/3λ. (2.33)
The temporal evolution of the filament radius can be expressed as an apparent
extensional viscosity [61] and exponential decrease is equivalent to a significant
strain hardening. This elasto-capillary regime continues until the polymer chains
reach their finite extensibility limit and the elastic forces cease to grow, which
results in a fast breakup [110].
Monitoring the elasto-capillary balance in a continuous jet offers a promising
method for measuring sub-micron relaxation times in extension. As discussed in
Chapter 1, recent modelling of the drop-on-demand inkjet printing has shown
that unwanted satellite droplets can be suppressed with polymer solutions with
small relaxation times λ < 100 µs [9]. Considering that such a limited amount
of viscoelasticity has a profound impact on the process, it is crucial to have a
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reliable methods to measure such low relaxation times.
The most popular device to measure these extensional properties in polymer
solutions is currently the CaBER that was introduced in Section 3.2.1, but
its detection limit is only 1 ms for low viscous fluids [111]. This restriction is
induced by the initial stretching step that shifts the position of the narrowest
part of the filament away from the position of the laser micrometer. Different
studies [95, 132, 133] have worked on improving the detection limit of these
capillary thinning experiments by monitoring the breakup with a high-speed
camera and by optimising the initial stretching distance and velocity. The most
optimised version of this device is presented in Section 4.2.3 and is capable of
measuring relaxation times λ = O(100 µs).
Unlike the filament thinning setup, a continuous jet does not require an initial
axial deformation and it should therefore be a more appropriate experimental
configuration for measuring relaxation times in the microsecond range. A
jetting rheometer was originally proposed by Schummer and Tebel [118] who
perturbed the jet at set frequencies and captured the thinning behaviour with
high-speed photography. Although the theory on the non-linear behaviour
of viscoelastic jets was in its infancy, the extensional behaviour of polymer
solutions could be compared by determining the evolution of the apparent
extensional viscosity. In the following decades, the characteristic ’beads-on-a-
string’ structure was simulated and the exponential necking of the ligament
connecting the beads was linked to material parameters with various non-linear
constitutive models [105, 106]. These results were first applied to extract a
relaxation time with a free jetting rheometer by Christanti and Walker [104].
Recently, McKinley and co-workers [135,136,139,140] introduced the Rayleigh
Ohnesorge Jetting Extensional Rheometer (ROJER) as a new technique to
specifically probe the extensional behaviour of weak viscoelastic liquids. In this
setup, the cylindrical jet is excited by a piezo-actuator to create a controlled
disturbance and the thinning dynamics are visualised with stroboscopic imaging.
By selecting a wavenumber k that is larger than the most unstable one
(kmR0 ≤ kR0 ≤ 1), the formation of secondary beads between the large
droplets is suppressed, resulting in a more precise measurement of the filament
radius [83, 139]. Moreover, a temporal resolution of O(1 µs) is achieved
by changing the phase difference between the strobe and the perturbation
frequency [136,139]. Relaxation times down to values as small as 60 µs have
been determined with this setup by fitting the 3λ timescale of Eq. 2.33 to the
exponential decrease of the radius in the elasto-capillary regime [136].
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1 mm
Figure 1. The ‘gobbling’ phenomenon: a large terminal drop periodically develops at the end
of a thin jet of a viscoelastic fluid (100 ppm PAA solution, Q=39.7mm3 s−1, Ri =0.125mm).
A sequence of video images is shown; the time interval between consecutive images is 6ms.
or hastily in large pieces; gulp’: American College Standard Reference Dictionary)
of a chain of tiny beads by a greedy terminal drop, until it is ‘sated’ or ‘saturated’
and falls oﬀ. In some cases, the terminal drop can ‘swallow’ up to several scores of
beads before detachment. A movie of the gobbling phenomenon can be found at
http://web.mit.edu/clasen/Public/gobbling.avi.
The ‘gobbling’ phenomenon is specific to macromolecular solutions and is never
observed in experiments with jets of pure water or other Newtonian fluids. However,
even minute amounts of polymeric additive bring it into existence. If one focuses on
the central axial column, it is clear that the primary role of the polymeric additive is
to stabilize the later stages of the capillary thinning process and severely retard the
inertial breakup of the fluid column (Christanti & Walker 2001; Amarouchene et al.
2001; Tirtaatmadja, McKinley & Cooper-White 2006). This stabilization then enables
us to image the temporal evolution and axial development of a beads-on-a-string
morphology along the jet. Somewhat analogous bead dynamics can be seen even with
Newtonian fluids when a thin annular film of viscous fluid is coated on a solid fibre
(as described originally by Boys 1912 and studied in detail by Kliakhandler, Davis
& Bankoﬀ 2001; Craster, Matar & Papageorgiou 2005 and references therein). In
the present case the rigid central fibre is replaced by the highly elongated polymer
molecules in the thin viscoelastic ligaments connecting the drops .
The dramatic eﬀects of dilute amounts of high-molecular-weight additives on
the breakup of aqueous fluid filaments is well known and has been extensively
studied since the pioneering work of Middleman (1965) and Goldin et al. (1969).
The hydrodynamic consequences of small amounts of polymeric additives can be
rationalized in terms of the unravelling and extension of the initially coiled polymeric
molecules by strong extensional flows (Entov & Yarin 1984; Bazilevskii et al. 1990b;
Anna & McKinley 2001; Clasen et al. 2006b). In the case of steady jets issuing from
a nozzle at high flow rates, significant elastic stresses can be generated (even for
dilute polymer solutions) which aﬀect the breakup length of the jet and the ensuing
droplet size distribution (Bousfield et al. 1986; Christanti & Walker 2001). In the
case of dripping from a faucet at very low flow rates, the presence of even dilute
concentrations of polymer can dramatically extend the time to pinch oﬀ and inhibit
the existence of satellite droplets (Amarouchene et al. 2001; Tirtaatmadja et al. 2006;
Sattler, Wagner & Eggers 2008). In each case, the large elongational viscosity of the
Figure 5.3: Illustration of the gobbling phenomenon where a large terminal
drop periodically develops at the end of a thin jet a viscoelastic fluid. The time
interval between the consecutive images is 6 ms. [141]
However, the use of this expression to extract the relaxation time is arguable
in light of the findings of the gobbling phenomenon [141]. This effect appears
in a capillary jet of a dilute high molecular weight polymer solution near the
dripping-jetting transition (We = ρv20R0/γ ≈ 1). As shown in Figure 5.3, the
jet develops be ds-on-a-string morp ology at this low imposed velocity, but
the beads are swallowed by a large terminal drop, which periodically grows
and pinches off. Under these conditions, the thread between the beads should
theoretically thin at a differ nt rate, Rm ∼ exp(−t/2λ), and the experimentally
observed radii appear to follow this new scaling [141].
Naturally, the question arises wh ther this new time scale of 2λ is also
valid for other jetting experiments or if the generally employed time scale of
3λ [83,104,136] remains correct at higher jet velocities. Quantitative experiments
of viscoelastic fluids are scarce [17] an at present, no direct comparison of
relaxation times obtained with jetting nd static ca illary thinning experiments
on the same fluid has been reported, because both experiments are probing
different time scales. Despite the fact that jetting rheometry is a suitable
measurement technique for weakly viscoelastic liquids, the j t quickly becomes
too long for resolving the filament radius during the complete elasto-capillary
regime. The selected model fluids should therefore exhibit relaxation times that
are lo ated near the l wer detection boundary of he ca llary thinning device.
The set of model polymer solutions was introduced in Section 3.1 and some
additional characterisation of the polymers is discussed in Section 5.2. The
employed experimental techniques were described in Section 3.2 and the protocol
for the detection of the dynamics of the Rayleigh instabilities is discussed in
Section 4.2.4. We clarify the experimental observations, which are respectively
presented for the CaBER and jetting setup in Sections 5.3 and 5.4, using a
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Figure 5.4: Reduced viscosity as a function of concentration, allowing the
determination of the intrinsic viscosity [η] of both polymer molecules in water
at a temperature 22◦C.
numerical and analytical analysis of the filament thinning in Section 5.5.
5.2 Polymer characterisation
The model polymer solutions that are studied in this chapter consist of dilute
aqueous solutions of two types of PEO with approximately the same molecular
weight. To verify that the solutions are actually in the dilute regime, the critical
overlap concentration c∗ of the polymer coils is evaluated. This concentration
marks the transition from a dilute regime to a semi-dilute solution that is
accompanied by great changes in the rheological response of the polymer
solution. The first step is the determination of the single coil size based on
intrinsic viscosity measurements of both polymers according to the procedure
described in Section 3.2.3. Figure 5.4 shows the reduced viscosity ηred for a
concentration series of both polymers at 22◦C. By extrapolating these values to
zero polymer concentration, it is demonstrated that PEO1 has a slightly lower
intrinsic viscosity than PEO2. The overlap concentration c∗ is then calculated
with the criterium from Greassley [122] as
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[η] c∗ Mw L λz
(ml/g) (g/l) (kg/mol) (−) (ms)
PEO1 585 1.32 1035 116 0.112
PEO2 621 1.24 1135 121 0.131
Table 5.1: Properties of the two PEO molecules in dilute aqueous solutions at
a temperature of 22◦C.
c∗ = 0.77[η] . (3.13)
The intrinsic viscosity is also used to calculate a more precise value for the
molecular weight Mw of both polymers using the Mark-Houwink-Sakurada
(MHS) equation for PEO solutions [79]
[η] = 0.072M0.65w . (5.1)
Additionally, the MHS-exponent a = 0.65 provides information on the solvent
quality by employing the Zimm theory for dilute polymer solutions. The Zimm
model expands the Rouse model for the diffusion of an unentangled chain by
including hydrodynamic interactions with the solvent. For long flexible polymer
chains, the intrinsic viscosity scales as [η] ∼ M3ν−1w where ν is the excluded
volume exponent that scales the equilibrium radius of gyration of the chain
with molecular weight, Rg ∼Mνw. The limiting values of ν = 0.5 and ν = 0.6
correspond to a theta solvent and a good solvent respectively. The exponent
ν = (a+ 1)/3 = 0.55 therefore indicates that water is a relatively good solvent
for PEO.
Another important polymer property is the finite extensibility parameter L
representing the ratio of a fully extended polymer dumbbell to its equilibrium
length. The extensibility can be described in terms of molecular parameters as
L =
√
3
(
j sin2 (θb/2)Mw
C∞Mu
)1−ν
, (5.2)
where θb is the average bond angle in the monomer, j is the number of bonds
of a monomer of molar mass Mu and C∞ is the characteristic ratio for a given
polymer-solvent system. The values for PEO are θb = 109.4◦ (for which the
C-C bond angle was taken), j = 3, Mu = 44 g/mol and C∞ = 4.1 [142]. The
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Figure 5.5: Specific viscosity as a function of the polymer volume fraction c[η]
to verify that the polymeric contribution to the viscosity ηp is described by the
Martin equation (Eq. 5.3) with KM = 0.32.
different polymer properties are summarised in Table 5.1.
Finally, we return to the shear viscosity measurements that are presented in
Table 3.1. The small differences that are observed for the 0.1% solutions of
both polymers is explained by the difference in the intrinsic viscosity. Figure
5.5 shows the specific viscosity ηsp = ηp/ηs of different concentrations of both
polymers as a function of the polymer volume fraction c[η]. The viscosity
measurements of both polymers form a single master curve for PEO. To include
data points with concentrations above the linear range of the Huggins equation
(see Eq. 3.16), we employ the empirical Martin equation that assumes an
exponential increase of the specific viscosity with the polymer volume fraction
c[η]:
ηsp = c [η] eKMc[η] (5.3)
where KM is the Martin coefficient. A Taylor series expansion of this equation
shows that the Huggins equation is satisfied for small concentrations.
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Figure 5.6: Temporal evolution of the minimal filament radius during capillary
breakup experiments of three polymer solutions. The dashed line indicates a
power law fit of the inertia-capillary regime (Eq. 2.28) and the straight lines
represent an exponential fit used to extract the dominant relaxation time λ (Eq.
2.33).
5.3 CaBER experiments
The extensional flow properties of the model fluids are first characterised with
CaBER experiments. The large spatial and temporal resolution of the setup
allows an accurate determination of the characteristic relaxation time of the
fluids, which is used in the next section to evaluate the time scales during the jet
breakup. Figure 5.6 shows the evolution of the minimal radius of the filament
during the experiment for the three solutions of PEO2. The initial decrease
of the filament radius is predicted by the global Ohnesorge number, which is
calculated using the estimated radius at the cessation of stretching that was
determined by a lubrication solution for a Newtonian fluid
R = R0
(
L1
L0
)−3/4
, (5.4)
with L0 and L1 the initial and the final gap respectively [56]. By comparing
the characteristic thinning velocities of the viscosity and inertia dominated
regimes, the boundary between the two regimes is located at a critical value
Oh∗ = 0.2077 [95]. The values for the model solutions are far below the critical
value (see Table 5.2), so the capillary pressure is initially only resisted by fluid
80 BREAKUP OF WEAK VISCOELASTIC JETS
c c/c∗ Oh G λ De
wt% (−) (−) (Pa) (ms) (−)
PEO1 0.10 0.758 0.0068 2.37 1.38± 0.10 0.35
PEO2 0.05 0.402 0.0052 1.08 0.97± 0.03 0.24
0.075 0.603 0.0061 1.62 1.36± 0.05 0.34
0.10 0.804 0.0069 2.16 1.78± 0.11 0.45
Table 5.2: Characteristics of the model fluids at a temperature of 22◦C.
inertia. The fluid continues to accelerate and appears to approach a finite-time
singularity at the pinching time tp, as described by Eq. 2.28 and represented by
the dashed line in Figure 5.6. The high strain rates in the fluid neck generate a
build-up of elastic stresses in the polymer molecules that start to dominate the
fluid inertia and suppress the singularity. This transition marks the onset of the
elasto-capillary (EC) regime where the filament radius decreases exponentially
in time resulting in a constant strain rate, which is inversely proportional to
the longest relaxation time λ. In order to better distinguish the differences in
elasto-capillary regime, the curves in Figure 5.6 are shifted by tp along the time
axis, so that the initial inertia-capillary regimes collapse for the three fluids. For
lower polymer concentrations, the transition occurs at smaller radii, suggesting
that a higher strain is necessary to reach sufficiently high elastic stresses. The
characteristic relaxation time λ of each solution is extracted from the thinning
rate in the elasto-capillary regime using the 3λ time scale of Eq. 2.33. The
relaxation time increases with polymer concentration and the values are listed
with the standard deviation in Table 5.2.
The onset of the EC regime is also recognised from the shape of the filament in
Figure 5.7. The asymmetric shape that characterises inertia resisted thinning,
disappears at the start of the start of the EC regime and a cylindrically shaped
filament emerges. The shape remains axially uniform for the two highest
concentrations, whereas the 0.05 % solution shows significant necking at both
the top and the bottom droplet, generating a large bead in the middle of the
filament. Small differences in radius and hence in capillary pressure between the
short filaments above and below this central bead impel the bead to coalesce
with one of the two fluid reservoirs. The formation of a central bead was also
observed by Tirtaatmadja et al. [79] during dripping experiments on a series
of dilute solutions of PEO with varying molecular weight in glycerol-water
mixtures. The bead disappeared for the higher molecular weight samples, which
exhibited higher relaxation times λ and thus higher Deborah numbers. Bhat et
al. [71] found a comparable trend in simulations of the breakup of viscoelastic
filaments. Satellite beads only appeared in the case of sufficient inertia (Oh <
CABER EXPERIMENTS 81
0 3 6 9 12 15 -3 
(a) 
(c) 
(b) 
Figure 5.7: Static thinning and breakup of a filament for aqueous PEO2
solutions of (a) 0.05 %, (b) 0.075 % and (c) 0.1 %. The shifted time t− tp is
displayed and the scale bar represents a distance of 200 µm.
1) and moderate elasticity (De < 0.3). In fluids with a comparable Ohnesorge
number as our model fluids, bead formation is more pronounced for lower
Deborah numbers, which agrees with our observations. Moreover, the presence
of the bead does not appear to affect the thinning dynamics, as no deviations
from the exponential decay are observed in Figure 5.6. The minimal radius can
be tracked for all solutions until a value of 5 µm. At this point the filament
morphology changes dramatically forming a characteristic beads-on-a-string
structure before pinching off.
Although most of the jetting experiments are carried out with solutions of PEO2,
we have also performed some tests with PEO1 solutions. Figure 5.8 compares
the thinning dynamics of 0.1 % solutions of the two types of PEO. Despite the
fact that both polymer have similar molecular weights, a significant difference
in relaxation time is observed between two samples with the same concentration.
This distinction can be explained by kinetic theory using the small difference
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Figure 5.8: Temporal evolution of the minimal filament radius during capillary
breakup of 0.1 % solutions of the two types of PEO, displaying different
characteristic relaxation times.
between the intrinsic viscosity of both polymers that was detected in Section 5.2.
The characteristic relaxation time of a polymer solution in the dilute regime
can be predicted by Rouse-Zimm theory. The longest Zimm relaxation time λz
of an isolated polymer coil in a dilute solution is given by
λz =
1
Uητ
ηp
G
, (5.5)
where Uητ = λη/λz is the universal ratio of the characteristic relaxation time
λη of a dilute polymer solution system and the longest relaxation time λz. The
numerical value of the universal ratio Uητ depends on the solvent quality [143]
and can be approximated for good solvents from the excluded volume exponent
ν by Uητ = ζ(3ν) with ζ as the Riemann zeta function. This leads to a numerical
value of the the front factor 1/Uητ = 0.463 [79]. The polymer contribution to
the viscosity ηp is determined from the measurement of the specific viscosity
ηsp. In the limit of low concentrations - which is assumed in the Zimm theory -
ηp is described by the Huggins equation (Eq. 3.16) as
ηp = ηsc [η]. (5.6)
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Figure 5.9: Reduced relaxation times λ/λz as a function of the reduced
concentration c/c∗ for a concentration series of both PEO polymers. The
correction to the Zimm time with the Martin equation (Eq. 5.9) is shown and
the power-law dependence (Eq. 5.10) is fitted to the data with an exponent
m = 0.63.
The elastic modulus G is invariant with mode number in the Rouse-Zimm theory
and is only a function of the number density of the polymer chains in solution
np = cNA/Mw:
G = npkBT =
cNAkBT
Mw
, (5.7)
where c is the weight concentration of the polymer [108]. Combining Eqs. 5.5 -
5.7, an expression for the Zimm relaxation time λz is given by
λz =
1
Uητ
ηs[η]Mw
NAkBT
. (5.8)
The Zimm time is concentration independent, but depends on the solvent
quality as λz ∼M3νw . The values of λz are computed for both polymers from
the intrinsic viscosity measurements and are listed in Table 5.1. The relaxation
times that are extracted from the CaBER experiments are compared to λz in
Figure 5.9. Some additional solutions of PEO1, which are not used in the jetting
experiments, are included to display a wider concentration range. Although the
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solutions are in the dilute regime (c/c∗ < 1), the characteristic relaxation time
is up to an order of magnitude larger than the Zimm time. This discrepancy is
consistent with observations by several authors who have also noticed an increase
in relaxation time with concentration for various polymer systems in the dilute
regime [16,79,95,110,144,145]. The overlap concentration c∗ is determined in
shear flow where the polymer chains are in quiescent conditions with a random
coil configuration. However, the extensional flow during capillary breakup
experiments is sufficiently strong to induce large conformational changes in the
polymer coil. Entov and Hinch [106] established that the Weissenberg number
Wi = λ ˙ = 2/3 is constant during the elasto-capillary regime and exceeds the
critical value of 1/2 for coil-stretch transition of a dilute polymer solution in
extensional flow [32]. As a result of this unraveling of the polymer coils from
the equilibrium coiled configuration, the polymer chains extend over a larger
volume and will feel the presence of the surrounding macromolecules. These
long-range interactions between unraveling polymer coils lead to an increase in
the effective relaxation time of the solution.
As these polymer interactions will be enhanced with an increasing concentration,
the solution exhibits semi-dilute behaviour with a concentration dependence of
the relaxation time. In the stretched state, the transition from dilute to semi-
dilute concentration regimes will occur at a much lower value than indicated by
the value of c∗. Birefringence measurements for a planar extensional flow in a
four-roll mill setup by Harrison et al. [146,147] have shown that fully extended
polystyrene molecules are observed at c/c∗ < 0.01, whereas at c/c∗ < 0.1 chain-
chain interactions inhibit the polymer molecules from reaching full extension.
Relaxation times approaching the Zimm time λz were observed at similar
concentrations during capillary breakup experiments [79, 110]. However, a truly
concentration independent relaxation has not been found, due to limits in
temporal and spatial resolution. Additionally, it is not possible to determine a
relaxation time below a lower concentration limit as polymer chains will be fully
stretched before their elastic stresses can balance the capillary pressure [95,132].
A first correction to the Zimm relaxation time is added to Figure 5.9 by replacing
the solvent viscosity in Eq. 5.8 by the shear viscosity of the solution. Clasen
et al. [110] suggested to estimate the increase of the polymer contribution to
the viscosity ηp with the Martin equation (Eq 5.3), giving a dependence of the
longest relaxation time λ with the reduced concentration c/c∗
λ = λz exp
(
0.77KM
c
c∗
)
. (5.9)
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The Martin coefficient KM = 0.32 was obtained from regressing the specific
viscosity in Figure 5.5. This approach is quite accurate for relaxation times
that are determined during small amplitude oscillatory shear experiments, but
it fails for extensional relaxation times [110,132]. Figure 5.9 clearly shows that
the relaxation times determined from capillary thinning start to exceed the
dilute limit at much smaller concentrations than theoretically expected from
Eq. 5.9. A second correlation was proposed by Tirtaatmadja et al. [79] who
observed a power-law dependence of the extensional relaxation time with the
reduced concentration
λ
λz
∼
( c
c∗
)m
, (5.10)
where the exponent m depends on the solvent quality. We retrieved an exponent
m = 0.63 for the data presented in Figure 5.9, which is similar to the exponent
m = 0.65 determined by Tirtaatmadja et al. [79] for PEO in glycerol/water
mixtures. Clasen et al. [110] explain this power-law dependence with scaling
theory for unentangled semi-dilute polymer solutions [148–150]. Although such
scaling theories are generally used for concentrations c > c∗ in weak shear flows,
the unraveling of the polymer coils in the strong extensional flow field causes
interactions with neighbouring chains at much lower concentrations.
The solution is described with semi-dilute blob theory where the polymer is
considered as a group of spheres or blobs with radius ξh, where the motion of each
blob is uncorrelated to that of the others [151]. This correlation length ξh may
be conceived as the distance between entanglement points of the polymer chains
and thus decreases with increasing concentration. Intramolecular hydrodynamic
interactions dominate on length scales shorter than the correlation length,
but these interactions are screened out on larger scales. Inside the blob, the
dominating single chain hydrodynamics are thus captured by Zimm theory and
a longest relaxation time λξ of a blob can be determined. Since hydrodynamic
interactions are negligible on distances larger than ξh, the intermolecular
interactions between expanded and overlapping chains are described by Rouse
dynamics. The longest relaxation time of the whole chain λ is found by applying
Rouse relaxation spectrum with λξ as the smallest relaxation time, giving the
following concentration dependence:
λ
λz
∼
( c
c∗
) 2−3ν
3ν−1
. (5.11)
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Although the theoretical exponent (2 − 3ν)/(3ν − 1) = 0.54 differs from
the experimentally observed value, this correlation explains the power-law
dependence of the extensional relaxation time on the reduced concentration.
5.4 Jetting experiments
After identifying extensional properties with CaBER experiments, the breakup
behaviour of the model fluids is studied during jetting flows. The viscoelastic
jet breaks up into a series of droplets as described in Section 5.1. The initial
stable zone with a constant radius is followed by the development of capillary
instabilities and a filament emerges between two beads. The filament appears
to be a Lagrangian equivalent to the capillary bridge in the CaBER experiment,
draining its fluid into the adjacent beads. After its formation, the filament
thins very rapidly to a radius Rm ≈ 50 µm during a short inertia-capillary (IC)
regime. Elastic stresses start dominating at these dimensions and the growth
of the instability is arrested during the elasto-capillary (EC) regime. The jet
exhibits a long beads-on-a-string structure (see Figure 5.1), where the beads
are connected by stable, nearly cylindrical filaments. These filaments continue
to drain at a constant strain rate, resulting in an exponential thinning with
distance from the nozzle. When the filament radius becomes smaller than 5
µm, the cylindrical shape is lost and two necking points originate at the contact
points with the beads. The flow towards the beads is obstructed and second and
third generation beads appear [152]. Finally, the polymer molecules reach their
finite extensibility limit and the filament breaks. Most of the higher generation
beads are swallowed by one of the main droplets, but some small satellite drops
remain flying between the main drops. In the following section, we first discuss
some observations during the initial linear stability regime of the jet. Next, we
focus on the elasto-capillary regime and compare the time scales with the static
capillary tests from the CaBER experiments.
5.4.1 Linear stability regime
In order to determine the jet velocity and the Weber number, it is crucial
to obtain an accurate value of the initial jet radius R0. The initial radius is
larger than the nozzle radius for all our jetting experiments and this expansion
after exiting the nozzle is explained by the presence of the polymer molecules
in the solution. The polymer chains are partially stretched due to the shear
flow in the nozzle, especially near the walls where the highest shear rates are
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Figure 5.10: Dimensionless radius of the initial straight section R0 as a function
of the Weber number for different 0.1 % PEO solutions with varying nozzle
radius.
encountered [153]. Near the exit of the nozzle, the flow rearranges from a
parabolic Poiseuille flow to a uniform velocity profile without a radial velocity
gradient in the straight section of the jet. Due to the changing flow type,
the chains start to relax to a coiled configuration and the associated radial
normal stresses cause a swelling of the jet beyond the nozzle radius [23]. Figure
5.10 shows that the increase of the radius after the nozzle is quite subtle in
comparison to more elastic samples, such as polymer melts or concentrated
polymer solutions, where the extrudate swell is even visible to the naked eye.
The expansion at the nozzle is stronger for the PEO2 solution since it has a
higher relaxation time and thus displays more pronounced elastic behaviour.
The swelling further depends on the needle size because the shear rate near the
needle wall rapidly increases as the needle radius decreases:
γ˙ = 4Q˙
piR3n
. (5.12)
The higher shear rate causes a larger deformation of the polymer chains
that generates a larger first normal stress difference. From this perspective,
the decrease of the ratio R0/Rn with the Weber number is somewhat
counterintuitive. However, this trend is in agreement with the behaviour
of Newtonian jets with varying flow rates [17]. The jet radius of a Newtonian
88 BREAKUP OF WEAK VISCOELASTIC JETS
jet only equals the nozzle radius at a Reynolds number Re = 8, where Re is
based on the tube radius Re = ρvnRn/η with vn as the average velocity in
the nozzle [154, 155]. The jet expands for low velocities (Re < 8), whereas
it contracts at high jet velocity (Re > 8). The jet contraction originates
from the change from a parabolic flow profile at the nozzle exit to a uniform
velocity in the straight jet [156]. By taking a simple macroscopic momentum
balance under the assumption that the pressure at the nozzle exit can be
approximated by the atmospheric pressure, Harmon [157] found a constant
ratio R0/Rn =
√
3/2 and this ratio is also experimentally observed for high jet
velocities (Re > 200) [154,155]. However, for lower jet velocities, the changing
axial velocity gradient ∂v/∂z induces a decrease in the pressure at the tube
exit resulting in a velocity dependent contraction [155]. All our experiments are
performed in the velocity region where this velocity dependent contraction is
observed for Newtonian liquids and the levelling of R0 at high Weber numbers
is also similar to the Newtonian case. Consequently, the evolution of R0/Rn in
Figure 5.10 is explained by the superposition of viscoelastic extrudate swelling
and the velocity dependent contraction of the jet.
After the fluid has emerged through the nozzle, capillary instabilities arise in the
linear stability regime. Although these instabilities form a clear barrier between
two droplets when the fluid motion becomes non-linear in the IC regime, Figure
5.11a shows that they are hardly visible in the initial straight section. The
wavelength of the instabilities is an important parameter in characterising the
jetting flow as it determines the final droplet size. Since we have restricted our
experiments to unforced jets, the instability should exhibit a wavelength λw
corresponding to the largest growth rate. To retrieve the wavelength of the jets,
the profile R(z) for the initial part of the jet is extracted from the image (see
Figure 5.11b). The instabilities are very prominent in the non-linear regime,
but subtle oscillations in R(z) are also detected at the end of the linear regime.
Figure 5.11c focuses on the first recognisable instabilities and the wavelength is
evaluated from the distance between the first two local minima of R(z). In this
case, the wavelength is similar to the most unstable wavelength λw = 9.01R0
for an inviscid liquid according to Rayleigh theory. This procedure is repeated
ten times for each Weber number and the average values are presented as
dimensionless wavenumbers kR0 in Figure 5.11d. The error bars indicate that
substantial variations in the wavenumbers in our measurements of an unforced
jet. However, it is clear that the average wavenumbers are smaller than the
inviscid Rayleigh limit of kR0 = 0.697. The fact that viscoelasticity shifts
the most unstable wavenumber towards lower values has been theoretically
demonstrated using linear stability analysis [68,83,158]. In comparison to the
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Figure 5.11: Determining the dimensionless wavenumber kR0 of a 0.1 % PEO2
jet. (a) Image of the initial part of jet atWe = 4 (the scale bar represents 1 mm)
and (b) the local jet radius as a function of the axial position. (c) Focussing
on the initial straight section allows the identification of the wavelength λw.
(d) The dimensionless wave number for different Weber numbers are compared
with the predictions of most unstable wavenumber for an inviscid jet and an
Oldroyd-B jet [83].
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prediction of Ardekani et al. [83] for an Oldroyd-B liquid with similar Ohnesorge
and Deborah number as the model fluid (short dashed line), the experimental
wavenumbers are relatively small.
5.4.2 Elasto-capillary balance
To study the elasto-capillary balance, jetting experiments are performed with
three PEO2 solutions at approximately the same jet velocity (We ≈ 8). Despite
the fact that same flow rate is chosen for all solutions, small differences in the
initial radius R0 cause slight variations in the jet velocity. A higher polymer
concentration increases the initial jet radius and hence lowers the actual jet
velocity expressed by the Weber number (see Table 5.3). As shown in Figure
5.12a, all fluids exhibit a similar thinning behaviour as in the static capillary
experiments. Only the initial radius of the filament is notably smaller, because
the jet originates from a nozzle with an inner radius Rn = 75 µm. Similar to
the CaBER experiments, more concentrated solutions thin at a lower constant
strain rate, revealing an increase of the time scale θ in the EC regime. However,
it is striking that the minimal jet radius Rm decreases faster for the same sample
in comparison to the CaBER experiments. The different thinning rate in the EC
regime of both experiments is emphasised in Figure 5.12b by rescaling the time
with the relaxation time λ that was obtained during the CaBER experiments.
Since Eq. 2.33 has proven to describe all static capillary experiments, the three
solutions exhibit the same slope of −1/3 log(e) in this graph.
In contrast, the jetting experiments display a steeper slope, which is roughly the
same for all samples. This observation demonstrates that the time scale θ in the
EC regime of the jetting experiments is proportional to the relaxation time λ.
To accurately determine this scale, at least ten instabilities are followed in time
for each sample to obtain an average value of θ, which is listed with the standard
deviation in Table 5.3. The time scale is determined with a reduced accuracy
of only two significant digits because the fits of the exponential decay are less
precise than for the CaBER experiments. This lower precision is caused by the
lower resolution of the telecentric lens that is used for the jetting experiments.
The ratio of the time scale with the relaxation time θ/λ is determined for each
sample and an approximation of the standard deviation of the ratio of two
normally distributed variables is included in Table 5.3 [159,160]. A time scale
θ ≈ 2λ is observed during the jetting of all samples. As a result, the reference
slope of −1/2 log(e) appears to correctly describe the thinning.
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Figure 5.12: Development of the minimal filament radius during the elasto-
capillary regime in static capillary experiments and in jetting experiments at
We ≈ 8 for three PEO2 solutions. (a) The evolution of the radius is presented
in the same way as Figure 5.6 and the increase of relaxation time with polymer
concentration is also visible during the jetting experiments. (b) The time is
rescaled with the relaxation time λ obtained with the CaBER, emphasizing the
different time scales in both experiments.
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Figure 5.13: Thinning dynamics of the 0.1 % PEO2 solution for different Weber
numbers. (a) Images of the different jets with the Weber number in the bottom
corner. (b) The development of the filament instability is represented as a
function of the distance from the needle with a focus on the elasto-capillary
regime.
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c Q˙ R0 We θ θ/λ
(wt%) (ml/min) (µm) (–) (ms) (–)
0.05 3.17 80 8.9 2.0± 0.1 2.1± 0.1
0.075 3.17 82 8.3 2.7± 0.1 2.0± 0.1
0.10 3.17 85 7.2 3.7± 0.1 2.1± 0.2
Table 5.3: Overview of the parameters of the jetting experiments with the
three PEO2 solutions.
In the previous experiments, the validity of the new time scale is shown for a
single Weber number that is one order higher than the dripping-jetting transition
(We ≈ 1). The next series of jetting experiments explores whether this new
time scale is valid for a wide range of jet velocities. The 0.1% PEO2 solution
is examined for a range of Weber numbers and the evolution of the minimal
filament radius Rm is shown as a function of the distance from the needle
in Figure 5.13b. The lowest flow rate (We = 1.3) was chosen close to the
dripping-jetting transition and some of the beads still appear to coalesce just
before breakup at this flow rate (see Figure 5.13a). This experiment is thus
performed at the boundary of the gobbling regime [141].
The evolution of the minimal radius Rm is followed during the EC regime for
all flow rates using the optical setup that is able to capture a section of the
jet with a length of roughly 15 mm. However, for small Weber numbers, this
field of view is sufficient to monitor the complete non-linear thinning dynamics
of the jet, including the inertia resisted regime. A single frame can capture a
segment of the jet from origin of the capillary instability until the late stages of
the EC regime. As the Weber number increases, the initial straight segment
lengthens, which is shown in the images as well as in the position of the onset
of the EC regime in Figure 5.13b. Additionally, the length of the EC regime
increases due to the higher jet velocity and the jet becomes too long to track
the complete thinning of an instability for intermediate flow rates (We > 5).
Further increasing the flow rate results in the acquisition of even fewer data
points and eventually the EC regime can only be partially captured in a single
image for high flow rates (We > 15). Since the diameter of larger filaments can
be determined more accurately, we focus on the beginning of the EC regime
for these flow rates. Jetting experiments could be carried out until the Weber
number reaches a value of 70. At this highest jet velocity, the instability can
only be followed for seven consecutive frames, which is a minimum to reliably
fit the EC regime.
94 BREAKUP OF WEAK VISCOELASTIC JETS
(a)
(b)
Figure 5.14: Thinning dynamics of the 0.1 % PEO2 solution for different Weber
numbers. (a) The data points in Figure 5.13b are shown as a function of time
and appear to collapse in the EC regime for different Weber numbers. (b)
Four experiments of are rescaled with the relaxation time λ obtained with the
CaBER and the curves are shifted with a factor δ. The fit of the EC regime
(dashed lines) corresponds to the reference slope, representing a thinning with
a time scale of 2λ.
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Q˙ R0 We θ θ/λ Lp
(ml/min) (µm) (–) (ms) (–) (mm)
1.60 95 1.3 1.8± 0.1 2.0± 0.2 6.8± 0.4
1.90 93 2.0 1.8± 0.1 2.0± 0.2 14.5± 1.9
2.22 91 2.9 1.9± 0.2 2.2± 0.2 23.2± 3.4
2.54 89 4.0 1.8± 0.1 2.1± 0.2 29.2± 2.6
2.85 88 5.3 1.8± 0.1 2.1± 0.2 33.8± 4.0
3.17 85 7.2 1.8± 0.1 2.1± 0.2 39.8± 4.5
3.70 83 10 1.9± 0.1 2.1± 0.2 47.9± 5.9
4.23 81 15 1.8± 0.1 2.1± 0.2 59.5± 5.0
5.29 79 25 1.9± 0.1 2.1± 0.2 74.3± 5.0
6.34 78 38 2.0± 0.2 2.3± 0.3 −
8.46 77 70 2.0± 0.2 2.2± 0.3 −
Table 5.4: Overview of the jetting experiments with the 0.1 % aqueous PEO2
solution. The jet velocity is varied from a value near the dripping-jetting
transition (We = 1.3) to the experimental limit of the setup (We = 70).
The same data set of jetting experiments is presented in Figure 5.14a as a
function of time after exiting the nozzle. The time until the first detection of
an instability is calculated using the jet velocity v0 and the distance of this
instability from the nozzle. All experiments exhibit unmistakably the same
thinning behaviour in the EC regime. Whereas the experiments with a higher
Weber number show a less steep slope in the EC regime in Figure 5.13b, the
thinning of the filament between two beads appears to be unaffected by the jet
velocity in the temporal domain. In order to assess the thinning rates at different
Weber numbers, four experiments are featured in the Figure 5.14b. The time
axis is rescaled with the relaxation time λ from the CaBER measurements and
then shifted with a factor δ for a better comparison of the slopes of the curves.
The slope of the exponential fit through the EC regime of each experiment
resembles the reference slope of −1/2 log(e). Hence, the time scale in the EC
regime θ ≈ 2λ seems unaffected by changes in the jet velocity. A detailed list of
the values of θ/λ with approximate standard deviations for all experiments is
given in Table 5.4. These values are quite close to 2 for most flow rates, however
the values for the two highest flow rates are slightly higher. As mentioned
before, only a part of the EC regime is observed for these high flow rates, so
there is a larger uncertainty on the slope of the fitted curve.
All previous jetting experiments are performed with a constant nozzle radius
Rn = 75 µm. To examine the potential dependence of the thinning dynamics
on the nozzle size, Figure 5.15 compares the evolution of the minimal filament
96 BREAKUP OF WEAK VISCOELASTIC JETS
Figure 5.15: Comparison of the thinning dynamics of a 0.1 % PEO1 jet with
two different nozzles at We ≈ 3.
radius Rm for jets of the same 0.1 % PEO1 solution exiting from two different
needles. The initial jet radius R0 is clearly different for both experiments and
appears to scale with the nozzle radius Rn. In both cases, the initial radius
slightly exceeds the nozzle radius as discussed in Section 5.4.1. Additionally,
the larger nozzle causes the IC regime as well as the EC balance to start at a
larger radius. The time scale θ of the exponential decrease is identical for both
experiments and exhibits the same relationship with the relaxation time, i.e.
θ ≈ 2λ. Nevertheless, the breakup time slightly increases with the nozzle size,
because the EC balance starts at a larger radius.
5.5 Analysis of the filament thinning
We have detected different thinning rates during the elasto-capillary regime in
static capillary breakup and jetting experiments. To determine the origin of
this difference, an analytical and numerical analysis of the thinning filament is
conducted for both setups. We start our analysis from a simple zero-dimensional
force balance balance that is introduced in the following section. Contrary to
some other studies on the rupture of viscoelastic filaments [107,161,162], we do
not consider the full expression for the mean curvature in the capillary pressure
term. Since we are mainly interested in the elasto-capillary balance, it is more
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straightforward to approximate the filament as a uniform cylindrical column
with a constant radius R.
5.5.1 Stress balance for a viscoelastic filament
As a first step, we formulate a general expression for the tensile force Fz in the
thinning ligament. The total axial force in the ligament is composed of bulk
stresses applied to the cross-sectional area of the thread and the line force in
the axial direction:
Fz = piR2
(
−P + 2ηs ∂vz
∂z
+ σp,zz
)
+ 2piRγ. (5.13)
The bulk stresses are composed of an isotropic pressure −P and the extra stress,
which consists of a viscous contribution from the solvent and an elastic term σp
from the dissolved polymer. The pressure can be eliminated in favour of radial
components with the stress boundary condition [79]:
− P + 2ηs ∂vr
∂r
+ σp,rr = − γ
R
+ 12ρv
2
r , (5.14)
where the last term includes the inertia from the moving boundary. By assuming
a time-varying uniaxial extensional flow field (see Appendix B), the axial and
radial velocity gradient are linked via the strain rate ˙(t) (see Eq. B.1), which
is given by
˙(t) = − 2
R
dR
dt
. (5.15)
Combining the force balances in the axial and radial direction yields a general
stress balance for a slender viscoelastic filament:
Fz
piR2
= ρ2
(
dR
dt
)2
+ γ
R
+ 3ηs˙+ ∆σp. (5.16)
The tensile stress in the filament is balanced by an inertial term, the capillary
pressure from the axial curvature, a viscous stress of the solvent, where the
characteristic Trouton ratio Tr = 3 appears, and the polymeric normal stress
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difference ∆σp = σp,zz−σp,rr. The elastic nature of the dilute polymer solution
can be expressed by employing an elastic dumbbell constitutive model (FENE-
P) [163]. The FENE model assumes that the polymer solution consists of a
Newtonian solvent containing a dilute suspension of polymer chains that are
modelled as non-linear elastic springs with a maximum extensibility L2. Entov
and Hinch [106] have used this model to demonstrate the slowest relaxation
mechanism, that of the entire molecule, is the only relevant relaxation timescale
for capillary breakup. The elastic deformation of the polymer coils is described
with the conformation tensor A that is related to the connector vector between
the two ends of the dumbbell Q as
A = 〈QQ〉
Q2eq
. (5.17)
In this definition, the ensemble average of the dyadic product of the dumbbell
connector vector is scaled with the equilibrium size of the freely jointed chain
Q2eq [25]. Deforming these dumbbells generates a polymeric stress that is
expressed as
σp = G (ZA− I) , (5.18)
where the parameter Z is the correction term accounting the non-linearity and
the finite extensibility of the dumbbell as
Z = L
2
L2 − tr(A) (5.19)
with tr(A) the trace of the conformation tensor. The elastic deformation of the
polymer coils under flow is correlated to the creation of polymeric stress by the
microstructural evolution equation:
DA
Dt
−A∇v−∇vTA = − 1
λ
(ZA− I) , (5.20)
where the upper-convective derivative of the tensor describes the confirmation
changes in the dumbbell. In the limit of L→∞, finite extensibility effects are
absent and the solution behaves as an elastic Oldroyd-B solution. Due to the
radial symmetry and the uniaxial extensional flow field, the tensorial evolution
equation reduces to a set of two differential equations, one for the axial (Azz)
and one for the radial (Arr) components:
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A˙zz = −4 R˙
R
Azz − 1
λ
(ZAzz − 1) (5.21)
A˙rr = 2
R˙
R
Arr − 1
λ
(ZArr − 1). (5.22)
In these equations, the dotted symbols R˙, A˙zz and A˙rr represent the time
derivative of the respective variable. These equations form a closed set of
equations in combination with the stress balance of the filament (Eq. 5.16), in
which the polymeric stress is determined with Eq. 5.18. To identify the relative
importance of the different terms in the stress balance, the stress balance and the
evolution equations are non-dimensionalised by introducing the dimensionless
radius h = R/R0, the dimensionless time τ = t/tR and the dimensionless axial
force F¯z = Fz/(γR0) , giving
h˙2
2 =
F¯z
pih2
− 1
h
+ 6Ohs
h˙
h
− EcZ(Azz −Arr). (5.23)
A˙zz = −4 h˙
h
Azz − 1
De
(ZAzz − 1) (5.24)
A˙rr = 2
h˙
h
Arr − 1
De
(ZArr − 1). (5.25)
The scaling introduces a new dimensionless group in the equations, the
elastocapillary number, Ec = GR0/γ, which is the ratio between the elastic
modulus of the dilute solution and the initial capillary pressure. The Ohnesorge
number Ohs is based on the solvent viscosity and is related to the other
dimensionless groups as
Ohs =
EcDe
ηsp
(5.26)
using the specific viscosity ηsp that compares the polymeric and the solvent
contribution to the viscosity, ηsp = ηp/ηs = Gλ/ηs [164]. The dimensionless
numbers for the 0.1% PEO2 model solution are listed in Table 5.5 for both
CaBER and jetting experiments, where the latter values are calculated with
R = 85 µm.
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Ohs De Ec
CaBER 0.0040 0.445 0.0029
Jetting 0.0137 18.0 0.0346
Table 5.5: Dimensionless numbers of the CaBER and jetting experiments for
the 0.1 % PEO2 solution.
5.5.2 Tensile force difference
In order to evaluate the stress balance in the filament, the tensile force Fz should
be determined for both experimental setups. For the CaBER experiments, the
filament is connected to two fluid drops on the stationary end plates. These
drops act as quasi-static reservoirs that soak up the fluid drained into them
from the thinning filament. They also diminish the no-slip boundary condition
at the end plates, which would otherwise induce a radial shear flow near the
ends of the radially-contracting fluid thread [3]. The line tension acting at the
junction of the cylindrical surface and spherical drop results in an axial force
Fz(t) = 2piγR(t) [116]. Accordingly, a stress balance for the static CaBER
experiment is constructed, where the viscous stress contribution is neglected
because of the small solvent Ohnesorge number (see Table 5.5), giving
h˙2
2 =
1
h
− EcZ(Azz −Arr). (5.27)
This stress balance was proposed by Tirtaatmadja et al. [79] similar to the
seminal analysis of Entov and Hinch [106], who considered the viscous stress of
the solvent instead the inertial contribution. The theory of Entov and Hinch
was expanded by Clasen et al. [107] by regarding the filament as a slender
axisymmetric volume taking the full description of the curvature into account
(see Eq. 2.21). In this case, the stress balance is solved with an asymptotical
analysis in the centre of the thread and on the end drops. To obtain a complete
expression for the tensile force, a similarity analysis in the corner region is
performed using the full leading order momentum balance (see Eq. 2.20)
including a polymeric stress contribution. This analysis shows that the tensile
force evolves as Fz(t) ≈ 3γR(t), revealing that the approximated force in Eq.
5.27 is quite reasonable.
The theoretical analysis by Clasen et al. [107] does not distinguish between a
static liquid bridge and a continuous jet, although the simulation results are
only compared with experimental results of static capillary tests. However, we
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Figure 5.16: Control volume of the viscoelastic jet.
have clearly shown the difference between these two experimental setups in
the EC regime in Section 5.4. A different approach for acquiring an expression
for the tensile force in a jet was suggested in the research on the gobbling
phenomenon [141]. The evaluation of the tensile force is not solely based on a
single Lagrangian element, but we take a step back and look at the entire jet.
The axial force can be estimated by integrating the one-dimensional momentum
equation over a control volume that is shown in Figure 5.16. The control volume
is located between two cross sections of the jet. The former is located at a
stationary location right below the nozzle in the stable section where the jet
is still uniform. The latter is positioned in the centre of a thinning filament
between two adjacent beads. The one-dimensional momentum equation is
deduced for a Newtonian liquid in Appendix C. An elastic contribution from
the polymer molecules is added to Eq. C.30 to describe a viscoelastic jet, giving
the following integrated equation
∂
∂τ
(∫ z¯2
z¯1
(
h2v¯
)
dz¯
)
+ h2v¯2
∣∣∣∣z¯2
z¯1
= h2
(
K + 3Ohs
∂v¯
∂z¯
+ ∆σp
) ∣∣∣∣z¯2
z¯1
= F¯z
pi
∣∣∣∣z¯2
z¯1
,
(5.28)
where v¯ and z¯ are respectively the dimensionless velocity and the dimensionless
axial coordinate and K is the curvature term. By averaging this equation over
a time interval that is substantially longer than the time between two beads
passing across any given cross-section of the jet, the first term on the left-hand
side can be dropped. Moreover, the time averaging implies that the convective
term can be rewritten in function of the flow rate as
h2v¯2 =
¯˙Qv¯
pi
. (5.29)
Since the flow rate and the jet velocity remain constant on both ends of the
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control volume, the convective term is constant and therefore Eq. 5.28 implies
that the tensile force exerted on any cross-section remains constant. The value
of this force is estimated by applying Eq. 5.23 to the first cross-section close to
the nozzle. In this uniform section of the jet, the inertial, viscous and elastic
contribution can be neglected, resulting in a simple expression for the tensile
force Fz = piR0γ. Inserting this constant force into Eq. 5.23 generates a general
stress balance for the viscoelastic jet:
h˙2
2 =
1
h2
− 1
h
− EcZ(Azz −Arr), (5.30)
where the solvent viscosity term is disregarded due to the small value of
Ohs. This stress balance is different from the balance for the gobbling
phenomenon [141], since the inertial term is taken into account instead of
the viscous solvent dissipation. Unlike the capillary breakup of a static bridge
of Eq. 5.27, an additional term appears in the stress balance originating from
the creation of new surface near the nozzle of the jet. This constant force will
grow increasingly important close to breakup as the area of the liquid column
rapidly reduces.
5.5.3 Elasto-capillary balance
To verify the importance of the different tensile forces for the two free-surface flow
geometries, both stress balances should be evaluated during the elasto-capllary
regime, where the inertial terms can be neglected. To this end, we will derive
an expression for the polymeric stress ∆σp, which is closely connected to the
microstructural evolution equations (Eqs. 5.24 - 5.25). Entov and Hinch [106]
presented an elegant analytical solution for the evolution equation assuming
that the axial stretch of the polymer chain is large (Azz  1 & Azz  Arr).
This assumption implies that only Eq. 5.24 should be solved to describe the
increase of elastic stresses. During the EC balance, the deformation is still small
compared to the maximal extension (Azz  L2), so the finite extensibility does
not play a role and Z ≈ 1. Under the assumption that the initial value of the
axial stretch equals one (A0zz = 1), the following solution for the polymeric
stress is derived as
∆σp =
G
h4
exp
(
− τ
De
)
. (5.31)
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Inserting this expression into Eq. 5.27 for the CaBER experiment and ignoring
the inertial term results in an exponentially decreasing filament radius:
h = Ec1/3 exp
(
− τ3De
)
. (5.32)
Apart from the prefactor of 2−1/3 that was found by the similarity analysis of
the corner region, this expression is equivalent to Eq. 2.33 that was used to
process the CaBER experiments. According to this expression, the ligament
radius will only reach zero at an infinite time, since the finite extensibility of
the polymer molecules is not taken into account. Entering Eq. 5.32 into Eq.
5.31, the elastic stretch as well as the polymeric stress appear to be growing
unrestrictedly. However, when the axial stretch Azz approaches the finite
extensibility parameter L2, the non-linear correction term Z will lead to an
upper bound of the polymeric stress and the finite extension will determine the
final breakup of the filament.
To assess the thinning rate of the jet in the EC regime, the expression for the
polymeric stress is inserted into the stress balance of the inertia-viscoelastic jet
(Eq. 5.30). As the radius approaches zero, the inertial term and the capillary
pressure term can be neglected and the dominant balance is established between
the axial stress and the elastic stress. At this time, the radius is described by
h =
√
Ec exp
(
− τ2De
)
. (5.33)
This is the same expression that was found for the gobbling phenomenon, where
the viscous term was neglected in the stress balance instead of the inertial
term [141]. Like in the previous analysis for the CaBER, the radius decreases
exponentially in the EC regime, however the time scale is different. The creation
of new surface near the nozzle generates a tensile force in the jet which changes
the thinning dynamics. Introducing this constant force into the stress balance
changes the dimensionless time scale from 3De to 2De, which is the value that
was observed throughout all jetting experiments. Consequently, the difference
in tensile force is key to explain the different thinning rates in the EC regime
between static capillary breakup and jet breakup of viscoelastic liquids.
This concept of the different tensile forces cannot be directly experimentally
verified in the two setups, because the force in the thread is too small to measure.
However, the shape of the corner region, where a filament is attached to the
neighbouring drops, might give an indication on the evolution of the force.
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(a) regular profiles (b) scaled profiles
Figure 5.17: Filament profiles of the 0.1 % PEO1 solution during a CaBER
experiment, for which time until breakup is indicated. (a) The profiles R are
shown as a function of the axial coordinate z. (b) The rescaled edge profiles of
the corner region exhibit a similar shape in agreement with previous simulations
and observations [107].
(a) regular profiles (b) scaled profiles
Figure 5.18: Experimental filament profiles of a jet of the 0.1 % PEO1 solution
with We = 2.9. The time until breakup is indicated for each profile. (a) The
selected profiles R are shown as a function of the axial coordinate z. (b) The
edge profiles are rescaled with the minimal thread radius and do not show the
same self-similarity as the CaBER profiles.
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When the tensile force decreases exponentially in time, as it does for a static
liquid bridge since Fz(t) ∼ R(t), simulations and experiments have shown that
this corner should reveal a self-similar structure of the corner region [107,165].
To examine the existence of this similarity region, all lengths need to be scaled
with a characteristic length scale being the minimal radius Rm, giving
R∗ = R
Rm
(5.34)
z∗ = z − z0
Rm
. (5.35)
The axial origin z0 is asymptotically located in the corner region. These rescaled
edge profiles are shown next to the original profiles in Figure 5.17 for a static
capillary breakup experiment of the 0.1 % PEO1 solution. The experimental
profiles converge properly onto a master curve, proving the self-similar structure
of the corner. Hence, it can be inferred that the tensile force is exponentially
decreasing as expected for the CaBER experiment. Additionally, jetting profiles
are redrawn with the same scale. To obtain sufficient resolution in the corner
region, the thinning jet was visualised with the same microscopic objective
that was used for the CaBER experiments. Due to the limited field of view of
this setup, a rather low Weber number of 2.9 was chosen to view a sufficient
amount of subsequent instabilities. Figure 5.18 shows a sequence of edge
profiles. The consecutive rescaled corner regions cease to coincide when the
drop is approached. Consequently, the absence of a similarity region for the
jetting experiments suggests a different tensile force in the thread that does not
decrease exponentially in time as in the CaBER experiments, which explains
the different thinning rates in both experiments.
5.5.4 Numerical simulations
The combination of the simplified force balance in the filament (Eq. 5.27 or 5.30)
and the evolution equation (Eqs. 5.24 - 5.25) makes an initial value problem
that can be used to describe the complete thinning of the inertia-elastic filament.
This simple model is used to explore the transitions between different thinning
regimes in both CaBER and jetting flows. By solving the microstructural
evolution equation, the growth of the axial stretch Azz provides insight in
the polymer deformation in the uniaxial extensional flow field. The equations
are solved in Matlab with an implicit BDF-solver (routine ode15s) to cope
with the stiffness of the system. The transition from the inertia dominated to
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(a) Radius (b) Axial stretch
(c) Stress CaBER (d) Stress Jet
Figure 5.19: Numerical simulation of capillary breakup in the jetting and
CaBER setup with the dimensionless parameters listed in Table 5.5. (a) The
evolution of the filament radius, (b) the axial stretch of the polymer chains and
the evolution of the stresses for L =∞ in (c) the CaBER and (d) the jetting
setup, in which the insert focusses on the transition from the IC to the EC
regime.
elasto-capillary regime causes an abrupt change in the polymeric deformation,
so the absolute and relative tolerances are chosen at a low value of 10−10.
A general comparison of the numerical simulation for both setups is presented
in Figure 5.19. The reference radius R0 is chosen to resemble the experimental
observation and therefore the dimensionless groups in Table 5.5 are used for the
calculations. The initial value of the three dimensionless variables are all equal
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to one for these first simulations: h0 = 1, A0zz = 1 and A0rr = 1. Figure 5.19a
compares the evolution the dimensionless filament radius h as function of time,
which has been scaled with the relaxation time to emphasise the different time
scales in the EC regime. When finite extensibility effects are neglected (L =∞),
the time scales of 3λ and 2λ are recovered over a long period for the CaBER
and jetting case respectively, conforming with the experimental observations
and the analytical derivation in Section 5.5.3.
For the CaBER simulations, the transition for the IC to the EC regime is
explained by the temporal evolution of the stress contributions in Eq. 5.27
that is shown in Figure 5.19c. Initially, the polymer chains are close to the
equilibrium confirmation and the inertial acceleration balances the capillary
pressure in the fluid column. This balance results in a fast decay of the radius
inducing strong stretching of the polymer, as shown in Figure 5.19b. The elastic
stress in the column rises quickly to balance the capillary pressure and the
inertial contribution drops to a negligible value. As a result of this elasto-
capillary balance, the growth of the axial deformation of the chains suddenly
slows down to an exponential increase with a time constant corresponding to
three times the relaxation time of the fluid: Azz ∼ exp(t/3λ).
The respective elastic and capillary stresses in Figure 5.19c match this
exponential increase. If the finite extensibility effects are included in the
analysis, a deviation from the exponential decrease of the filament radius is
observed in Figure 5.19a at h ≈ 0.02, which corresponds to an axial stretch
Azz ≈ 0.1L2. As the axial deformation approaches the finite extensibility
parameter, the non-linear correction term Z increases considerably, resulting in
a sudden breakup.
In the jetting simulations in Figure 5.19a, the filament radius drops initially
much faster in comparison to the CaBER case before reaching an EC balance.
This fast decay originates from the different stress balance of which the evolution
of the different terms is shown in Figure 5.19d. The term driving the filament
breakup is the stress from the constant axial force. This term scales with the
inverse square radius and therefore increases more quickly than the capillary
stress in the CaBER case. This larger driving stress induces a higher initial
acceleration, generating sufficient inertial stress to obtain an equilibrium, as
can be seen in the inserted graph. Moreover, the polymer chains have to be
stretched much further to produce sufficient elastic stress to balance this axial
stress. Eventually, the elastic stresses reach the axial stress level, at which point
the inertial stress drops. However, the following balance is then not an EC, but
rather a balance of axial and elastic stresses.
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Figure 5.19b shows that the axial deformation of the chains at the onset of this
regime is 3 orders of magnitude larger than at the onset of the EC balance
in the CaBER case for L = ∞. Hence, the transition to the axial-elastic
(AE) stress balance occurs at dimensionless stresses that are several orders of
magnitude larger than in the former case. Once this balance is reached, the axial
stretch and the elastic stress also increase exponentially, but with a smaller time
constant: Azz ∼ exp(t/λ). Contrary to the CaBER simulations, an exponential
decrease of the filament radius is not observed when finite extensibility effects
are considered. The initial polymer deformation is so large that the inertial
regime is immediately followed by a non-linear elastic stress build-up, leading
to a very fast breakup of the filament.
These numerical simulations are compared with experimentally obtained filament
radii in Figure 5.20. The model solution for the CaBER case using R0 = 1 mm
displays a very similar shape as the experimental curve, however the onset of
the EC regime occurs at a higher radius. This inconsistency in the transition
radius was also encountered in previous studies [79,166]. Since the IC regime
typically demonstrates necking near the end droplets, it is highly improbable
to accurately capture this regime with a zero-dimensional model. A better
correspondence to the experimental EC balance is found by choosing a lower
value for the reference radius R0. Decreasing the reference radius however
results in a poor description of the inertia-capillary regime. Nevertheless, the
EC balance is correctly described by the model and the breakup time is well
predicted by including finite extensibility effects.
The jetting simulations also show good qualitative agreement with the
experimental data, but display the opposite shift of the onset of the AE balance.
Due to the large initial stretching that is required to reach an AE balance, the
simulated transition radius is too low. An improved consistency is obtained
by increasing the initial deformation of the polymer molecules A0zz [141,153].
It is probable that the polymer chains are partially oriented and elongated
after exiting the nozzle. At this point, the velocity field in the jet undergoes
an abrupt change from a Poiseuille flow inside the tube to a plug flow in the
initial straight section of the jet. This stick-slip singularity at the nozzle exit
results in potentially large initial elastic stresses in the jet [167]. Since the
Deborah number in Table 5.5 is sufficiently large (De  1), effects of this
initial configuration can propagate along the jet while the fluid column begins
to exhibit the linear instabilities [141]. The pre-stretch at the nozzle exit is
included in the jetting model by changing the initial chain confirmation (A0zz > 1,
ANALYSIS OF THE FILAMENT THINNING 109
(a) CaBER
(b) Jet
Figure 5.20: Comparison of the experimental evolution of the minimal radii
with numerical simulation. (a) For the CaBER setup, an agreement between
experiment and model is found by lowering the initial radius R0. (b) The
jetting simulations are matched to the experimental observations by changing
the initial axial stretch A0zz of the polymer molecules.
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A0rr = A
0−1/2
zz ) and by incorporating this additional elastic contribution, the
initial axial stress in the jet is
Fz
piR20
= γ
R0
+ EcZ
(
A0zz −A0−1/2zz
)
. (5.36)
The initial confirmation A0zz and the associated initial stress are new initial
values for the numerical simulations of the coupled differential equations for
the jet (Eqs. 5.24, 5.25 and 5.30). A0zz becomes an extra parameter to fit the
experimental observations and the results for two different values of pre-strech
are presented in Figure 5.20b. By employing the larger pre-stretch A0zz = 1000,
an axial-elastic balance is immediately established at the initial radius and the
appearance of an initial inertia-capillary thinning is suppressed. The modelled
breakup exhibits an extensional decrease of the filament radius with a time
scale of two times the relaxation time matching the experimental radius decay.
A more consistent description is acquired by reducing the initial axial stretch
to A0zz = 125. The modelled radius shows a more gradual drop from the initial
value and subsequently approaches the experimental data points. The driving
axial stress is not solely balanced by the elastic stress for times t < 2λ, leading
to a fairly long transition zone where the capillary term still affects the thinning.
The elastic stress only matches the driving stress after this period and then
an exponential decrease of the filament radius with the correct time scale is
retrieved.
During the AE balance, the polymer chains are still stretched at a faster rate
than in the CaBER case (see Figure 5.19b). Hence, breakup occurs slightly
sooner than in the experiments, when finite extensibility effects are included
in the model. However, in both the CaBER and the jetting case, the finite
extensibility of the polymer chains affects the thinning dynamics sooner in the
simulations than in the experiments. A comparable difference between the
modelled and experimental finite extensibility effects is also encountered in
other studies on capillary breakup of similar polymer solutions [61,168]. Two
possible explanations have been proposed for the earlier onset of these finite
extensibility effects. The former assumes a difference between a theoretical
parameter L that was calculated based on molecular parameters (see Eq. 5.2)
and the experimentally observed L [53]. The latter states that pre-averaging
of the connector vector Q in the Peterlin approximation of the FENE model
overpredicts the elastic stresses in a uniaxial extensional flow compared to the
full FENE model [169].
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5.5.5 Breakup length
The breakup length Lp is an important parameter to quantify the breakup of
a free jet [15, 16]. It is generally defined as the minimum distance from the
nozzle over which the liquid jet is still connected. The correlations presented in
this section are only valid for the relatively moderate Weber numbers that are
examined in this study. For very large Weber numbers, the velocity difference
between the jet and the surrounding air generates shear at the jet interface,
leading to waves on the jet surface of due to the Kelvin-Helmholtz instability
[17,84,136]. The breakup length Lp is expressed with the jet velocity v0 and
the pinching time tp as
Lp = v0tp. (5.37)
The pinching time can be approximated by the characteristic time scale for the
growth of instability [17]. For an inviscid Newtonian fluid, the Rayleigh time
tR (Eq. 2.9) is used as the characteristic time giving
Lp
R0
∼We1/2. (5.38)
For a low viscous elastic samples, the Rayleigh time remains a good time scale
for the linear stability and the IC regime. However, the EC regime is generally
the longest regime in breakup of a viscoelastic liquid and the duration of this
regime scales with the relaxation time λ of the fluid. A time span of the EC
regime is found by rewriting the jet radius evolution (Eq. 5.33) and solving the
time at two transition radii: the filament radius hEC where the EC balance
starts and the radius hFE where the finite extensibility of the polymer chains
induces breakup. The combined pinching time for a low viscous elastic liquid is
therefore given by
tp ≈ tR + 2λ ln
(
hEC
hFE
)
. (5.39)
The first transition radius hEC can be determined from the jetting experiments,
but the second transition radius hFE cannot be experimentally resolved due
to the limited resolution of the lens. However, the onset of finite extensibility
effects can be estimated with the evolution of the axial stretch of the polymer
chains. As shown in Figure 5.19b, the axial stretch Azz increases exponentially
during the EC regime as Azz ∼ exp(t/λ). Hence, the time span of the EC
regime is also retrieved by evaluating Azz at the onset and the end of this
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regime. The axial stretch at the onset AECzz is estimated with the stress balance
in the jet (Eq. 5.30), where the inertial contribution and the capillary pressure
term are neglected. The axial tension is then balanced by the elastic stress and
by assuming that Arr  Azz, the axial stretch at the transition to EC regime
is found as
AECzz =
1
Ech2EC
. (5.40)
The polymer stretch close to the finite extensibility limit AFEzz is evaluated with
the axial evolution equation (Eq. 5.24), where we expect a negligible temporal
change of the polymer stretch [106,110]. This gives an expression for the finite
extensibility parameter Z = 2λ˙ that is inserted into Eq. 5.19 to find a solution
for the polymer stretch:
AFEzz = L2
(
1− 12λ˙
)
. (5.41)
As the filament radius approaches zero, the strain rate diverges and the final
term becomes negligible. A more conservative estimation is retrieved by taking
the constant stain rate during the EC regime ˙ = 1/λ, giving AFEzz = L2/2. The
combined pinching time is thus estimated by
tp ≈ tR + λ ln
(
AFEzz
AECzz
)
= tR + λ ln
(
L2Ech2EC
2
)
. (5.42)
This time scale is inserted in Eq. 5.37 to get an expression for the breakup
length. Taking a value of hEC = 0.5, which is typical for the polymer solutions
that are used in this study, gives
Lp
R0
∼We1/2
(
1 + De ln
(
L2Ec
8
))
. (5.43)
Figure 5.21 shows the jet breakup length of different PEO2 solutions as a
function of the Weber number. Experiments with We > 4 appear to follow the
scaling with the square root of the Weber number, as illustrated by the reference
slope of 1/2. Additionally, more concentrated solutions exhibit larger breakup
lengths for the same Weber number. Seeing that the relaxation time λ increases
with concentration, this observation is in agreement with the proportionality of
the breakup length to the Deborah number.
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Figure 5.21: Breakup distance of jets of PEO2 solutions as a function of the
Weber number. The breakup length shows a dependancy to square root of the
Weber number.
5.6 Conclusion
In this chapter, we have investigated the instability growth and the resulting
breakup of weak viscoelastic jets with low Ohnesorge numbers. Jetting
experiments were executed for three model solutions over a range of Weber
numbers from the dripping-jetting transition at We = O(1) to long stable jets
at We = 80, which corresponds to the experimental limit of our setup. Due
to flow rearrangement when the fluid exits the nozzle, the polymer molecules
cause a limited extrudate swell that increases with polymer concentration and
decreases with the jet velocity. Capillary instabilities start to form in the initial
linear stability zone and the wavenumber of the disturbances are in line with
theoretical predictions. The stable zone is followed by a sudden decrease of the
filament radius in a non-linear inertia-capillary regime. The high strain rates in
the filament stretch the polymer molecules and the generated elastic stresses
stabilise the filament resulting in a characteristic beads-on-a-string morphology.
We have mainly focused on this important elasto-capillary regime where the
minimal radius of the instability decreases exponentially in time. The thinning
dynamics during this regime are compared with static capillary breakup
experiments and a different time scale for the exponential decay is identified for
both free-surface flows. Whereas the generally employed time scale θ = 3λ is
observed for the CaBER experiments, the jetting experiments exhibit a time
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scale θ = 2λ, which was previously only suggested for jets in the vicinity of the
dripping to jetting transition. This new scaling remains valid for all examined
Weber numbers. Both time scales are explained with a stress balance over the
viscoelastic filament. The different scaling in the jet is attributed to a constant
axial force in the jet, which is caused by the creation of new surface under the
nozzle. Numerical simulations of the jet breakup with the FENE model are
in agreement with the experimental observation by selecting a proper value
for the initial deformation of the polymer molecules A0zz. Additionally, the
experimental profiles of the corner region where the filament is connected to the
droplet are rescaled according to the scales proposed by Clasen et al. [107]. The
self-similar structure present in the CaBER experiments is not observed during
the jetting experiments, indicating that the axial force is not decaying with
the filament radius. The existence of a different scaling in the elasto-capillary
regime in a continuous jet is not only of fundamental interest, but it also affects
the interpretation of the new jetting rheometer [136], resulting in a 50 percent
increase of the extracted relaxation time.
Chapter 6
Capillary breakup of
suspensions of non-colloidal
particles
In this chapter, we present our study on the capillary breakup of a second
complex fluid, that is suspensions of spherical particles. Depending on the
concentration and the particle size, the presence of particles alters the rheology
of the fluid inducing effects ranging from strain thinning to the manifestation
of yield stresses. We have limited this study to large, non-colloidal spheres in a
Newtonian matrix and attempted to develop a framework for the extensional
rheology of these systems.
6.1 Introduction
The capillary-driven breakup of Newtonian liquids has been studied intensively
and the non-linear dynamics preceding droplet formation are fairly well
understood [5]. The description of non-Newtonian fluids however remains
a challenge in this strong extensional flow as the constitutive laws are usually
not well tested in this regime [17]. Adding particles to a Newtonian matrix
generates a complex fluid with a divergent flow behaviour under extensional
deformation. Such fluids are for instance encountered as inks in graphic and
other conventional printing operations, where the solid particles can disturb
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the normal jetting process [170, 171]. Furthermore, inkjet printing is used
as a fabrication tool for ceramic components and printed electronics, where
the functional components of the ink are solid particles [10,172]. Despite the
practical importance of particle-laden drops, the knowledge on the effects of
particles on the stability and breakup of liquid jets is rather limited compared
to Newtonian fluids.
The breakup of Newtonian liquids was thoroughly discussed in Section 2.2, but
we will briefly repeat the most important concepts that are employed in this
chapter. The thinning dynamics of an unstable liquid thread are determined by
the balance of surface tension with the dominant resisting force, which is either
inertia or viscosity for a Newtonian liquid. The dominant thinning mechanism
is revealed by the Ohnesorge number Oh = η/
√
ργR, which compares the time
scales of viscosity controlled breakup and inertia controlled breakup. Once
a filament is sufficiently slender, the fluid motion is described by different
self-similar solutions depending on the value of this dimensionless group. For
moderate Ohnesorge numbers, a universal solution considering all terms of the
one-dimensional Navier-Stokes equation was developed by Eggers [90]. In this
case, the minimal radius Rm obeys the thinning law
Rm = 0.0304
γ
η
(tp − t) (2.27)
where tp is the pinching time. Although the universality of the solution implies
a validity for all fluids, in practice, this inertia-viscous (IV) scaling is merely
observed in close proximity to breakup for fluids in a narrow viscosity range [95].
Nevertheless, Newtonian fluids with these viscosities are employed to generate
stable droplets in inkjet printing applications [10]. More viscous fluids with
larger Ohnesorge numbers tend to follow a different viscous (V) scaling. A
symmetric self-similar solution to this equation was derived by Papageorgiou [99],
giving the following expression for the minimal radius:
Rm = 0.0709
γ
η
(tp − t) . (2.29)
Recently, the extensional properties of suspensions have been investigated with
free-surface flows by various research groups. Different thinning dynamics have
been observed for suspensions with different particles sizes and volume fractions.
Dispersions that exhibit shear thickening can show viscoelastic pinch-off or
dilatancy effects depending on the strain rate [173–176]. However, other non-
Brownian suspensions display a faster thinning rate close to pinch-off than
that predicted by the viscous scaling law for the bulk viscosity [18–21, 177,
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178]. This flow behaviour is not necessarily a strain thinning effect and can
rarely be captured by a power-law model [20]. The shear response of these
systems is dominated by hydrodynamic interactions and can be described by
a single viscosity up to moderate particle concentrations [114]. This viscosity
is proportional to the viscosity of the suspending medium and has a strong
dependence on the particle volume fraction φ. Careful experiments on the shear
rate dependence of these suspensions were performed by Zarraga et al. [179]
who found no shear thinning for φ < 0.45. Many semi-empirical correlations
have been proposed to describe the relative shear viscosity ηr of the suspension.
Throughout this chapter, we will use the Maron-Pierce model [180]
ηr(φ) =
(
1− φ
φm
)−2
, (6.1)
where ηr = η/ηm is the relative viscosity compared to the medium viscosity
ηm. The highest volume fraction is estimated by the random close packing
limit of φm = 0.64 [181]. This equation has the same form as the commonly
used Krieger-Dougherty expression [182], which employs a different power law
exponent −[η]ρφm = −1.6. It is found that the exponent of the Maron-Pierce
model describes the suspension viscosity of the most concentrated suspension
more accurately, as will be shown in Section 6.3.2.
The acceleration that is observed during the late stages of capillary breakup
of these suspensions is in fact caused by the finite-size effects of the particles,
rendering the continuum approximation invalid for small filaments. Furbank
and Morris [18, 19] demonstrate this in an extensive experimental study on
dripping and jetting flows of granular suspensions (with particle radius Rp = 53
- 103 µm) and describe the thinning as a two stage process. The necking is
initially dominated by the suspension viscosity, followed by a second stage
in which the suspending fluid properties appear to be critical. Lindner and
co-workers continued this work by performing dripping experiments of granular
suspensions with a wide range of particle sizes and concentrations. They claim
that the second stage is split into a short regime where the thinning rate is
independent of the volume fraction, matching that of the medium fluid and an
accelerated regime where the suspension clearly thins faster than the medium
fluid [21]. This acceleration is observed at very low particle concentrations, even
when there is only a single particle in the thinning filament [177].
In this chapter, we will further quantify this acceleration of suspensions near
pinch-off with capillary breakup tests of an unstable liquid bridge. Contrary to
previous studies where the breakup dynamics are examined by comparison to
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Figure 6.1: Thinning dynamics of the two viscous silicone oils. Both oils follow
the viscous scaling for the most part of breakup process.
viscous oils with approximately the same viscosity, we will apply the self-similar
scaling laws to extract material parameters. Furthermore, we will focus on the
final thinning stage and use high resolution optics to distinguish the motion
of individual particles. The model suspensions that are used in this chapter
have been introduced in Section 3.1 and the CaBER setup has been thoroughly
discussed in various sections of Chapters 2 to 4. Reference capillary breakup
experiments on the Newtonian suspending media are presented in Section 6.2.
The different stages in the pinching of the suspensions are described in Section
6.3, where a clear distinction is made between the thinning of the suspension
and that of the interstitial fluid. A comparison to modelled capillary breakup is
presented in Section 6.4, followed by the conclusions in Section 6.5.
6.2 Newtonian oils
As reference cases, capillary breakup experiments are performed on the two
silicone oils without particles. For these inelastic fluids, the dominant material
parameter resisting the breakup is indicated by the Ohnesorge number [4]. The
global Ohnesorge number for this experiment, given in Table 6.1, uses the radius
predicted at the cessation of stretching, determined by a lubrication solution
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for a Newtonian viscous fluid (see Eq. 5.4). By comparing the characteristic
thinning velocities of the viscosity and inertia dominated regimes, the boundary
between the two regimes is located at a critical value Oh∗ = 0.2077 [95]. Since
the values in Table 6.1 are sufficiently above Oh∗, both oils initially display
viscosity-dominated thinning.
ηm Oh ηfit
(Pa.s) (−) (Pa.s)
PDMS 1 0.180 1.20 0.171
PDMS 2 0.360 2.52 0.364
Table 6.1: Rheological properties of the silicone oils at a temperature of 22◦C.
Figure 6.1 shows the evolution of the minimal radius during capillary breakup
of the two silicone oils, in which the pinching time tp is used as a temporal
reference. As expected from the large Ohnesorge number, both fluids thin
linearly in time consistent with the viscous scaling (Eq. 2.29), allowing the
extraction of viscosities from the thinning data. The quality of the fits over a
radius range from 250 to 50 µm is demonstrated in Figure 6.1 and the extracted
viscosities ηfit = 364 mPa.s and ηfit = 171 mPa.s, respectively, are in agreement
with the shear-viscosity values (see Table 6.1).
However, deviations from this viscous scaling occur close to breakup. This
observation is highlighted in Figure 6.2, where, in order to simplify the
comparison between samples, we eliminate viscosity from Eq. 2.27 and Eq. 2.29
by rescaling time and radius as follows. The time is rescaled with the viscous
time scale [4],
tη =
14.1 ηmR0
γ
. (6.2)
so that both curves initially exhibit the same slope. The time axis is further
shifted with tc, the time at which the filament radius equals the reference radius,
so both curves initially collapse. By rescaling the minimum filament radius with
R0, the viscous (V) scaling (Eq. 2.29) reduces to
Rm
R0
= tp − t
tη
(6.3)
and the inertia-viscous (IV) scaling (Eq. 2.27) becomes
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Figure 6.2: Enlargement of the final thinning dynamics of both silicone oils.
The time is rescaled with tη to allow a better comparison of both samples. The
low viscous PDMS 1 clearly exhibits a transition from the viscous (V) scaling
to the inertia-viscous (IV) scaling during the final breakup stages.
Rm
R0
= 0.429 tp − t
tη
. (6.4)
In this representation shown in Figure 6.2, the thinning curves of both samples
coincide, following the viscous scaling (Eq. 6.3) until a radius Rm = 50 µm.
Although the filament thinning of PDMS 2 follows the viscous scaling until
breakup, the thinning of the less viscous PDMS 1 under goes a transition and
decelerates prior to breakup.
This transition in scaling has been explained by Eggers [5, 90]. He showed that
the decaying filament radius gives rise to a strongly increasing capillary pressure
close to pinch-off, resulting in a diverging strain rate (see Eq. 3.5). Hence, the
inertial term grows more quickly than the other terms and can no longer be
neglected in dominant balance. Thus, the pinching of the filament is controlled
by an inertia-viscous-capillary balance (IV-scaling) and follows the similarity
solution described by Eq. 6.4 prior to breakup, rather than the V-scaling. This
deceleration of the breakup dynamics is accompanied by a shift of the location
of the minimum radius in the axial direction from the centre of the filament
towards the end drops, turning the initial symmetric viscous pinching into an
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asymmetric pinching. Theoretically, the transition radius from viscous scaling to
inertia-viscous scaling is approximated by equating the estimates of the inertial
and capillary term as
R = R0Oh2/(2β−1), (6.5)
with β = 0.175 [17]. However, this value is an order of magnitude larger than
our experimental transition radius, which is comparable to other experimental
observations [93]. The reason for this discrepancy is presently not understood,
although it might be related to breaking of the symmetry which could delay
the transition [4, 183].
Since the thinning of Newtonian fluids are generally used as a benchmark
for more complex suspension dynamics, recognising this transition in crucial.
Moreover, the transition radius we observe is comparable to the particle size in
the current investigation and therefore comparable to the reported length scale
at which changes in the break-up process occur due to finite-size effects [18, 21].
Thus, in order to decouple the transition of V- to IV-scaling from the suspension
dynamics, most suspension experiments in this chapter are performed with
PDMS 2 as a continuous phase.
6.3 Suspensions
6.3.1 Thinning stages
In order to quantify the particulate effects on the pinching dynamics, we have
examined the filament evolution for suspensions with varying volume fraction
and particle size. As an example of the general thinning dynamics we observe,
Figure 6.3b shows the experimental breakup curve for 10% of PS20 in PDMS2.
We also include a series of experimental images in Figure 6.3a to illustrate how
the unstable filament approaches breakup. In general, we observe four thinning
distinct thinning regimes, which we now describe: a suspension regime, a
concentration fluctuation regime, an accelerated regime and a final deceleration
regime governed by the properties of the medium fluid only.
In the initial suspension regime - illustrated by the first two images in Figure
6.3a - the filament initially appears entirely black, because the particles render
the sample opaque. The suspension can be considered as a homogeneous fluid
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(a)
(b)
Figure 6.3: Evolution of the minimal radius during capillary breakup of
suspension with φ = 0.10 of PS20 in PDMS 2. Initially, the dynamics are
solely determined by the effective viscosity of the suspension. Subsequently,
the thinning velocity accelerates causing a faster rupture of the filament. The
number in the bottom left of the images indicates the time to pinch-off tp − t
in ms and the scale bar represents 200 µm. In the last three frames, localised
thinning of the continuous phase between two particles is observed.
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and the thinning dynamics are fully determined by the effective viscosity of
the suspension. The viscosity that is recovered by fitting the viscous scaling
(Eq. 2.29) to the minimal radius data, corresponds to the prediction of the
Maron-Pierce correlation (see Eq. 6.1) for a particle fraction φ = 0.10. In
previous dripping studies, a clear linear decrease of the minimal radius Rm with
time - as predicted by the similarity solutions - is not observed. The breakup
dynamics are instead interpreted by comparing experimentally the suspension
breakup dynamics with the thinning of a Newtonian oil with the same viscosity
as the suspension [21,177].
We recognise two reasons why the study of the breakup starting from an unstable
filament has a more straightforward interpretation than a dripping experiment.
First, the self-similar solutions are only applicable if the slenderness assumption
is valid [95]. The instant creation of a slender, unstable filament in the CaBER
allows the viscous scaling to remain suitable for most of the breakup process. In
the dripping setup, the filament only gradually achieves the required slenderness
to observe the self-similar shapes. This formation exhibits different dynamics,
which are until now only empirically captured for suspensions [19]. Secondly,
once this filament of the dripping experiment is slender enough, the diameter is
often of the same magnitude as the particle size, particularly for larger granular
particles. Hence, the fluid can no longer be treated as a continuum.
As the filament becomes thinner, transparent zones emerge and individual
particles are clearly distinguished. The suspension appears heterogeneous
revealing lighter oil-rich regions and darker zones with clusters of particles. We
call this phase the concentration fluctuation regime. Regions of the filament
with a lower particle density locally exhibit a smaller effective viscosity and will
therefore thin faster. As the model of McIlroy & Harlen [22] predicts, these
fluctuations in the local concentration of particles are amplified as the volume of
the filament region is reduced, inducing an accelerated thinning rate compared
to the suspension regime. Consequently, we observe a deviation from the viscous
scaling law once the filament radii has reduced to 100 µm, as shown in Figure
6.3b.
The particle density fluctuations also manifest in the shape of the filaments
shown in Figure 6.3a, starting from the fourth image (with time stamp 15).
Unlike previous images where the surface is almost as smooth as that of a
pure oil bridge, we now detect local curvature differences in the filament. This
observation indicates the onset of localised thinning because gradients in the
capillary pressure generate flow away from the point of highest curvature. Figure
6.4 displays the local curvature of the thinning filament at different times. The
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Figure 6.4: Local curvature of filaments of 10% PS20 in PDMS 2 that were
shown in Figure 6.3a. The local pronounced maxima arising near breakup reveal
a very localised thinning, caused by particle density fluctuations.
curvature κ is determined with the formula for an axisymmetric volume (Eq.
2.21). In the first three filaments, the curvature changes very gently, which is in
agreement with an homogeneous fluid. However, the smoothness disappears in
the last three filaments and a local maximum in the curvature emerges, indicating
heterogeneous thinning of the thread. These particle density fluctuations in the
suspension during capillary breakup are also observed by Roché et al. [174] during
extensional experiments on concentrated cornstarch dispersions. However, the
nearly periodic surface fluctuations between solvent-rich and jammed regions
that are present in their work, are not detected in our samples, which are
significantly less concentrated. Furthermore, similar concentration fluctuation
effects are observed for concentrated suspensions of colloidal particles in a
complex flow field with a strong extensional contribution [184].
After the concentration fluctuation regime, where a certain amount of particles
are still present in the thinnest region of the filament, particle-density
fluctuations in the thinning filament eventually lead to particle-free sections,
which are clearly observed in the last three images of Figure 6.3a. In this
particle-free zone, the radial velocity is locally accelerated, resulting in confined
thinning with the filament resembling the shape of a power law fluid [185].
This continuous-phase thinning begins at roughly 7 ms before pinch-off for this
particular suspension and the evolution of the minimum radius in this phase
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(a)
(b)
Figure 6.5: The final stages of the capillary breakup of 10% PS20 in PDMS 2.
(a) The magnified images show that the final thinning takes place between two
particles which are highlighted by the grey circles. Their movement reveals the
large extension rates before pinch-off. The numbers in the bottom left indicate
the time to pinch-off tp − t in ms and the scale bar represents 50 µm. (b) The
evolution of the filament diameter shows that the accelerated regime is followed
by a deceleration where the dynamics appear to return to the self-similar scaling
of the continuous phase, demonstrated by the fitted viscosity. The onset of the
particle density fluctuations is indicated with the transition radius RT1 as well
as the onset of continuous phase thinning with RT2.
126 CAPILLARY BREAKUP OF SUSPENSIONS OF NON-COLLOIDAL PARTICLES
is highlighted in Figure 6.5b. We split this continuous phase into two distinct
regimes.
First, there is an accelerated thinning [21, 177] where the radius decays linearly
with time and radial velocity vr = −dRm/dt reaches a maximum. For this
short period, the thinning is approximately twice as fast as that of the pure
medium fluid. Enlarged pictures of this accelerated pinching stage are shown in
Figure 6.5a, in which the two nearest particles are accentuated with a grey circle.
The displacement of these particles in the consecutive frames demonstrates the
acceleration in this zone. In these pictures, two particle clusters appear to form
a barrier for the continuous phase, isolating roughly 2 nl of the medium fluid
from the rest of the filament. Due to the slower or even arrested thinning in the
clusters, the continuous phase in between is forced to resemble an hour glass
shape similar to a small-scale filament stretching with the clusters as boundaries,
resulting in a faster pinching of the thread.
Second, the radial velocity reduces and the thinning decelerates prior to
breakup. This deceleration was not detected in previous studies on similar
systems [18,19,21,177,178] because these small filament radii were below the
resolution limit of the employed camera setup. By fitting these last radii with the
viscous scaling (Eq. 2.29), the viscosity of the interstitial viscous oil is recovered.
The thinning appears to return to the self-similar scaling of a Newtonian liquid
bridge, indicating that the thinning is no longer affected by the presence of the
particles. This final stage is also detected by the 1D-simulations of McIlroy and
Harlen [22] and it is examined in more detail in Section 6.3.3.
Reviewing the breakup dynamics of this suspension, we have not encountered
the interstitial fluid regime as described by Bonnoit et al. [21], where thinning
dynamics observed between the suspension regime and the accelerated regime
are governed only by the medium fluid. Figure 6.5b indicates that part of the
concentration fluctuation stage has approximately the same thinning rate as the
the final stage, so this region was probably labeled the interstitial fluid regime.
However, we presume this zone is merely a transition state in the self-dilution
of the sample, because there is no distinct physical ground why the suspension
would thin at this rate. In the following sections the different thinning stages are
separately regarded and the effect of changing different suspension properties is
investigated. We first consider the first two stages, where there are still particles
present in the neck, before continuing to the thinning of the interstitial fluid in
the final two stages.
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Figure 6.6: Extracted relative viscosity during the effective fluid stage of the
examined suspensions. The values correspond better with the prediction from
the Maron-Pierce model (Eq. 6.1) than from the Krieger-Dougherty model.
6.3.2 Suspension thinning and concentration fluctuations
To obtain a better understanding of the mechanisms causing this accelerated
breakup, we have performed a series of CaBER experiments for different particle
concentrations and sizes. Qualitatively, all samples follow the thinning curve
of Figure 6.5b with the four thinning stages that are described in the previous
section. Initially, the examined suspensions behave as effective Newtonian fluids.
The initial linear section of the thinning curve is fitted with the viscous scaling
law (Eq. 2.29) for each sample to acquire the characteristic viscosity. Figure 6.6
shows the extracted values as a function of concentration, displaying the relative
viscosity ηr to allow the comparison of samples with different medium viscosities.
The model prediction for the suspension viscosity (Eq. 6.1) is included and
describes the data points fairly well. The characteristic viscosity is independent
of particle size and altering the medium does not affect the relative viscosity.
Only for φ = 0.40, some minor differences between the samples are observed.
This illustrates the difficulty of determining perfectly reproducible viscosities for
more concentrated suspensions, because small variations in the particle volume
fraction generate relatively large viscosity differences.
As the filament becomes thinner, particle density fluctuations are amplified
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(a) (b)
Figure 6.7: (a) Overview of the transition radius RT1 at which the particle
density fluctuations start for the suspensions with PDMS 2 as medium. (b)
The radii are rescaled with the length scale of Eq. 6.12.
for all examined samples. Local heterogeneities consequently emerge and the
fastest thinning occurs in a locally diluted region. Although each sample
demonstrates the four thinning regimes, we observe differences in the thinning
rate of the accelerated regime and the transitions between the consecutive
thinning stages occur at different filament radii. By examining the local slopes
of the thinning curves, we explore the effects of changing suspension properties
on the concentration fluctuation regime. We have chosen to quantify the onset
of the dilution with a transition radius RT1, which is defined as the intersection
between fitting lines of the suspension regime and the accelerated regime (see
Figure 6.5b). The precise value of the transition radius depends upon the
initial particle distribution and so varies in consecutive experiments of the same
suspension. The average transition radius is presented in Figure 6.7a as a
function of volume fraction for the suspensions with PDMS 2 as medium. In
general, the radius increases with volume fraction and particle size.
In order to understand this evolution, we define a structural length scale
for the variation in the particle density. The distribution of non-interacting,
identical spherical particles in a second medium is statistically characterised
with a particle nearest-neighbour probability density function Hp(r) [186]. This
function describes the probability associated with finding the nearest neighbour
particle at some given distance r from a reference particle. An evaluation of this
function was first considered by Hertz [187] for an ideal system of non-interacting
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point particles. This analysis assumes that the mixing process produces a
random distribution of the particles so that the system has thermodynamical
structure of an ideal gas in which the particles are Poisson distributed in the
surrounding medium [188] and ignores the effects of excluded volume. These
assumptions result in a probability density function
Hp(r) = 4piρNr2 exp
(
−43piρNr
3
)
, (6.6)
where ρN is the particle number density. The number density can be rewritten
in terms of the volume fraction and the particle radius as ρN = 3φ/(4piR3p).
Inserting this definition into the probability density function gives
Hp(r) =
3φ r2
R3p
exp
[
−φ
(
r
Rp
)3]
. (6.7)
Thus, the mean nearest-neighbour distance between the particles is defined as
the first moment of r, where r is distributed according to Hp(r):
〈r〉 = Rp
φ1/3
Γ
(
4
3
)
, (6.8)
where Γ is the gamma function. However, since variations in the inter-particle
distance will induce local density variations, it is more relevant to examine
the variance of the nearest-neighbour distance. The variance is defined as the
second central moment of the distribution Hp(r),
〈r2〉 =
∫ ∞
0
[r − 〈r〉]2Hp(r)dr, (6.9)
so the standard deviation is used as a length scale of concentration fluctuations:
√
〈r2〉 = 0.325 Rp
φ1/3
. (6.10)
The structural length scale is proportional to the particle radius in a similar
way to that observed in the experiments (see Figure 6.7a). Despite this
correct trend, using the standard deviation does not capture the increase
of the transition radius RT1 with increasing particle volume fraction. The
transition radius is experimentally determined with a reduction in the local
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viscosity indicating particle density gradients in the filament. However, these
concentration variations are only recognised when the associated viscosity change
is significant in comparison to the suspension viscosity. This effect also needs to
be taken into account as a weight factor in the definition of the structural length
scale. A simple way to incorporate this effect is to multiply by the ratio of the
derivative of the suspension viscosity with respect to volume fraction relative
to the viscosity. Using the Maron-Pierce model (Eq. 6.1), this derivative is
evaluated as
∂η
∂φ
= 2ηs
φm
(
1− φ
φm
)−3
= 2η
φm − φ. (6.11)
Thus, combining the weight factor with the standard deviation gives the length
scale Rs for the transition radius:
Rs =
√〈r2〉
η
∂η
∂φ
= 0.65Rp
φ1/3 (φm − φ) . (6.12)
This length scale is employed to rescale the transition radii of various suspensions
in Figure 6.7b. Compared to the experimental data, the length scale Rs does not
capture the lower transition radii at low volume fractions and overestimates the
transition radii at high concentrations (φ = 0.40). Moreover, the effect of the
particle size on the transition radius is overestimated by the linear dependence
on Rp. Nevertheless, the scaling works well for the simulated transition radii,
which we will discuss in Section 6.4.
In the our analysis, we have assumed that deviations from the effective fluid
regime are caused by local dilution of the suspension. However, in concentrated
samples of small particles, a change in the local viscosity could arise from
extensional thinning effect due to colloidal interactions or changes to the particle
distributions. For the PMMA3 suspensions, it is impossible to distinguish
from the filament images or the minimal radius evolution which of the two
mechanisms causes the accelerated thinning. Although we have previously
considered the suspension viscosity to be shear rate independent, this assumption
was based on the observations for suspension with significantly larger particles
than PMMA3 [179]. For these inelastic suspensions, extension thinning can be
identified through the flow behaviour under shear deformation [4,102,103]. The
strain thinning is characterised for both flow types by a power law dependence
η = K|II2D|(n−1)/2, where n is the power law exponent and K is the consistency
index. The power law model is universally defined by using the second invariant
of the rate of deformation tensor 2D as a measure of the flow strength:
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Figure 6.8: Evolution of the extension rate during a capillary breakup
experiment as a function of the local Hencky strain. The rates observed during
the thinning of 40% PMMA suspensions are significantly higher than those of a
reference viscous liquid with the same viscosity (Eq. 6.14) and a shear-thinning
fluid with a power law of n = 0.94 obtained from fitting to the shear viscosity
of the suspension (Eq. 6.15).
II2D =
1
2
[
(tr2D)2 − tr (2D)2
]
. (6.13)
The magnitude of the second invariant equals 3˙2 for uniaxial extension, while
the value for pure shear flow is γ˙2, with γ˙ the shear rate. The strain rate during
the effective fluid regime is derived by combining the definition of the strain
rate (Eq. 3.5) with the expression for viscosity dominated thinning (Eq. 2.29):
˙ = 0.142 γ
Rη
. (6.14)
Figure 6.8 demonstrates how the extension rate diverges from the normal viscous
behaviour described by Eq. 6.14 after the linear viscous thinning stage. The
local viscosity decrease gives rise to a sudden growth of the extension rate for
strain rates ˙ > 15 s−1. Assuming that extension thinning is responsible for this
viscosity decrease, a similar shear thinning should be observed at comparable
flow strengths. A relationship between shear and extension rate of γ˙ =
√
3˙ is
obtained by equating the second invariant for both flow types.
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Figure 6.9: Flow curves of suspensions of PMMA3 in PDMS 2 of various
concentrations. The dilute samples behave completely Newtonian over the
entire range of shear rates. In contrast, minor shear thinning behaviour is
observed for the most concentrated sample.
Figure 6.9 shows the flow curves of all PMMA3 suspensions. The applied
shear rates are quite low compared the equivalent extension rates during
capillary thinning, but a comparison is certainly possible for the two highest
concentrations. For volume fractions φ ≤ 0.10, the suspension behaviour is
Newtonian over the entire measuring range. The two highest concentrations
display a larger zero-shear viscosity. This viscosity increase at low shear rates
does not manifest during filament thinning because the equivalent extension
rates are an order of magnitude higher. Contrary to the 25% suspension, that
exhibits a constant viscosity for γ˙ > 5 s−1, the 40% sample is slightly shear
thinning over the entire measuring range. The thinning effect even strengthens
for shear rates γ˙ > 200 s−1, although this could be a measurement error. The
maximum shear rate is limited due to inertia of the device and potential particle
migration to the wall. These last data points are not included in the power law
fit and an exponent n = 0.94 is obtained. Together with the consistency index
Kn = 4.2 Pa.sn, this value is used to calculate the minimal radius evolution of
power law fluid [3, 4, 100]:
Rm = Φ
γ
Kn
(tp − t)n , (2.31)
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(a) radial velocity (b) inter-particle volume
Figure 6.10: Characteristic properties of the acceleration of the continuous phase
for all PDMS 2-based suspensions: (a) the maximum radial velocity during
the acceleration stage as a function of volume fraction and (b) the volume of
medium fluid that is trapped between the particle clusters.
where the prefactor Φ is a numerical factor depending on the power law exponent
n. However, this model does not coincide with the experimentally observed
thinning dynamics. An expression for the strain rate is established by inserting
the expression for the filament radius of a power law fluid (Eq. 2.31) into the
definition of the strain rate (Eq. 3.5):
˙ = 2n
tp − t . (6.15)
The evolution of this model strain rate is depicted as the dotted line in Figure
6.8. Since the power law exponent n is quite close to 1, the thinning is not
particularly different at the Hencky strain where the transition takes place. The
strain rate is only 20% higher and remains of the same order of magnitude as
that of the viscous model in later thinning stages. The limited shear thinning
is thus insufficient to solely explain the transition to a locally lower viscosity at
a larger filament radius RT1 for the 40% PMMA3 suspension.
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6.3.3 Continuous phase acceleration
The concentration fluctuations eventually lead to particle-free sections in the
filament. As discussed in Section 6.3.1, we split this final continuous phase
into two regimes: the acceleration regime and the deceleration regime. In the
accelerated regime, the filament radius generally thins linearly with time for
a short period and the thinning rate reaches a maximum. In the case of 10%
PS20 in PDMS 2, the maximum thinning rate is observed between 7 and 3 ms
before breakup, indicated by dash-dot line in Figure 6.5b. Since the profiles
are no longer self-similar, a fitted viscosity can no longer be used to compare
the behaviour of the different samples. Therefore, we quantify the acceleration
regime for each sample using the maximum radial velocity vr = −dRm/dt.
The average maximum radial velocity vr is plotted in Figure 6.10a for all samples
with PDMS 2 as the medium fluid. The error bars indicate the variation between
consecutive experiments due to differences in the local particle distribution. We
observe that vr increases for smaller particles and higher particle concentrations.
This velocity increase appears to be related to the volume of medium fluid
trapped between the particle clusters. The inter-particle volume is determined
with image analysis at the start of the continuous phase thinning and remains
constant until breakup. The latter observation proves that a small quantity of
medium fluid is isolated from the rest of the suspension during this thinning stage.
The inter-particle volume is presented in Figure 6.10b for all PDMS 2-based
suspensions. The volume increases for larger particles and lower concentrations,
thus exhibiting the opposite trends compared to the radial velocity.
An additional feature to describe the continuous phase thinning is the starting
point of this zone which is expressed with a second transition radius RT2. Figure
6.11 represents the observed transition radii relative to the particle size in order
to detect similar behaviour for different particles. We expect the transition
radii to scale with the particle diameter, since this part of the breakup process
resembles a filament stretching between two particles or two particle clusters
for higher concentrations. The relative diameters for PS10 and PS20 are in fact
quite similar whereas the values for the PMMA3 particles are slightly higher.
Since the number of particles scales with R−3p for a fixed volume fraction,
suspensions with these smallest particles contain a considerably larger amount
of particles for the same volume fraction. Moreover, these small particles start
exhibiting colloidal attractions, which can be deduced from the increase of
the shear viscosity at low rates for φ > 0.10 (see Figure 6.9). These colloidal
interactions tend to facilitate the formation of particle clusters, as illustrated in
Figure 6.12b. This figure shows magnified filament images of suspensions with
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Figure 6.11: Overview of the filament radius at the onset of the accelerated
continuous phases thinning for the suspension with PDMS 2 as medium. The
transition radii are rescaled with the particle size.
different particle sizes and a fixed volume fraction φ = 0.25 at the onset of the
accelerated thinning of the interstitial fluid. For the smallest spheres, the zone
of interstitial fluid is confined on both sides by two or three PMMA3 particles
positioned radially next to each other. In contrast, the interstitial fluid is only
confined between two single particles for the suspensions with larger spheres,
explaining the similar relative values for RT2 for these samples.
Furthermore, the onset of the accelerated thinning depends on the volume
fraction in a similar way for all particle sizes. The transition radius RT2 is
comparable for volume fractions φ ≤ 0.10, but decreases for the higher particle
concentrations. This trend can be explained by examining images of filaments
at different particle volume fractions (see Figure 6.12a). At the start of the
thinning of the interstitial fluid, the filament shape is rather different for each
dispersion of PS20. The volume of medium fluid that is stretched between the
particles is evidently reducing as the particle concentration grows, as was already
shown in Figure 6.10b. While the zone of medium fluid almost takes in the
entire image for the 2% sample, the approximate 0.1 nl interstitial fluid is hardly
visible in the image of the 40% sample. The thinning filaments of the more
concentrated samples moreover exhibit a double triangular form resembling the
shape of an unstable filament of a power-law fluid. Due to the highly non-linear
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(a)
(b)
Figure 6.12: Images of filaments of PDMS 2-based suspensions at the onset of
the accelerated thinning of the interstitial fluid at which a zone with medium
fluid appears between two (clusters of) particles. (a) Suspensions of PS20 with
different volume fractions, indicated at the bottom of each picture. The inclosed
volume and the transition radius RT2 significantly decrease with particle volume
fraction. The scale bar represents 100 µm. (b) Suspensions with different
particle sizes and a fixed volume fraction φ = 0.25. Contrary to the larger
particles, the zone with medium fluid is surrounded by a cluster of multiple 6
µm particles, which explains the larger relative value of the transition diameter
RT2. The scale bars represent 20 µm.
SUSPENSIONS 137
(a) (b)
Figure 6.13: Breakup dynamics of suspensions of different particle sizes in
PDMS 2 with a fixed volume fraction φ = 0.25. (a) Whereas the initial effective
viscosity regime is independent of particle size, breakup occurs considerably
sooner for the suspensions with the larger particles. As reference, the radius
evolution of a viscous fluid with the same viscosity is included. (b) Differences
in the final thinning stages are illustrated by shifting the time axis so that the
graphs coincide at a diameter of 150 µm. The onset of the continuous phase
thinning (RT2) is indicated with a dashed line.
relationship between the suspension viscosity and particle volume fraction φ
(see Eq. 6.1), concentration fluctuations have a more pronounced effect on the
local viscosity for these samples. The thinnest zone with a low local particle
fraction will therefore pinch much faster than its surroundings, creating a very
heterogeneous filament with thick triangular zones above and below the pinching
point. This specific filament shape ensures that the interstitial fluid is trapped
between 2 individual particles and lowers the value of the transition radius RT2.
However, the trends of the radial velocity vr and the second transition radius
RT2 do not capture the effect that particle size has on the ultimate breakup
time of the suspensions. Although the smallest-particle (PMMA3) suspension
has the largest value of vr, this suspension takes the longest time to breakup, as
demonstrated in Figure 6.13a. This figure shows the evolution of the minimal
filament radius for three suspensions of different particles with a fixed volume
fraction φ = 0.25. Initially, the thinning trajectories of the three samples overlap
in the suspension stage as the suspension viscosity solely depends on the volume
fraction. However, the suspension with largest particles (PS20) deviates from
this linear thinning already much earlier, so that while the smallest particle
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(PMMA3) suspension is still in the first thinning stage, the PS20 sample has
already pinched due to a combination of the particle density fluctuations and the
accelerated thinning of the interstitial fluid. Since smaller-particle suspensions
demonstrate a smaller RT1, the acceleration regime is limited and large vr
cannot affect the dynamics. Consequently, the reduction in breakup time is less
than that observed for larger particle sizes. Evidently, it is the concentration
fluctuation regime, characterised by the transition radius RT1, that is key to
understanding particulate effects on breakup time, rather than the accelerated
regime itself.
Figure 6.13b focusses on the final pinch-off dynamics of the three samples. The
short linear decay where the highest thinning rate is achieved, i.e. the accelerated
regime, is demonstrated by a linear fit with a slightly different slope for each
sample. The maximum rate of the PMMA3 dispersion is accurately determined
with a increased sampling rate of 9000 s−1. For each case, the horizontal dashed
line indicates the second transition radius RT2, which corresponds to the visible
onset of continuous-phase thinning between two particle clusters.
Since the breakup of the PDMS 1-based suspensions was also examined by
Lindner and co-workers [21,177], a comparison of the overall acceleration during
the dripping and CaBER experiments can be executed for these samples. In
their studies, the acceleration was quantified by comparing the breakup of
each suspension with that of a purely viscous silicon oil matching the shear
viscosity of the suspension. The average difference in rupture time ∆tp between
both fluids was taken as an estimate for the acceleration. This time difference
is a pragmatic criterion combining the effects of concentration fluctuations
and interstitial fluid acceleration. Although we have not physically tested any
reference fluid, the viscous thinning dynamics can be estimated with the proper
scaling law (Eq. 2.29), which gives the following pinching time starting from a
filament with diameter RT1:
tp,v =
14.1 η RT1
γ
. (6.16)
Before the transition radius RT1 is reached, the suspensions are in the effective
fluid stage, so the thinning dynamics are identical to those of the reference liquid.
The dashed reference line in Figure 6.13a illustrates this similarity for large
filament diameters. As discussed in Section 6.2, PDMS 1 undergoes a transition
from the viscous to the inertia-viscous scaling at small filament diameters. The
reference liquids for the low concentrations (φ ≤ 0.10) have a viscosity that is
only slightly higher than that of PDMS 1, so the same transition will probably
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Figure 6.14: Average difference in rupture time ∆tp between the PS20
suspensions in PDMS 1 and the pure viscous fluid as a function of the volume
fractions. Our CaBER experiments are compared with dripping experiments
from literature [21,177].
occur for these liquids. Hence, the actual pinching time tp,v of these reference
fluids will somewhat higher than the viscous prediction of Eq. 6.16. The extra
time is estimated from the diameter evolution of the pure PDMS 1 (see Figure
6.2) and should be around 3 ms. Figure 6.14 compares the average difference
in rupture time ∆tp of our CaBER experiments to the literature values from
the dripping experiments. The time difference in the CaBER experiments is
strikingly lower than those of the dripping tests for all measured concentrations.
An explanation for this discrepancy is currently unavailable, because additional
quantitative data on the acceleration during the dripping experiments is not
presented in both studies [21,177]. Due to the limited resolution of the optical
setup capturing the pendant drop, the data points in the accelerated regime
are very limited for the PS20 dispersions. Moreover, no comparison to the
self-similar scaling laws was made, so an insufficient slenderness of the thinning
filament might make the interpretation even more complex.
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6.3.4 Deceleration
As discussed in Section 6.3.1, the acceleration is succeeded by a deceleration
which has not been detected in previous experimental studies. The transition
into this final regime, and therefore the extent of the deceleration, also depends
on the suspension properties in a similar way as previously discussed. For
example, in Figure 6.13b the larger particle cases have a more pronounced
deceleration regime, owing to a larger transition radius RT2. In the PMMA3
case, the final transition is below the spatial and temporal resolution of our setup.
The deceleration regime also exhibits linear decay (see Figure 6.5b) characterised
by a balance between surface tension and the viscosity of the medium fluid.
This indicates a return to self-similar scaling of a viscous Newtonian fluid. This
hypothesis is confirmed by scaling the filament profiles near breakup to verify
the convergence to the universal Stokes similarity solution φSt [5, 17, 99], which
was introduced in Section 2.2.6. The Stokes similarity solution solely depends
on the similarity variable ξ as
φSt (ξ) =
R
`v|t′ | , (6.17)
ξ = z
′
|t′ |β , (2.26)
where β = 0.175 is the scaling exponent for the Stokes similarity solution. The
dimensionless position z′ and time t′ are respectively scaled with the internal
length scale `v (Eq. 2.22) and the internal time scale tv (Eq. 2.23) of the fluid as
discussed in Section 2.2.5. These definitions imply that minimal filament radius
can be used to rescale the experimental filament profiles, since the viscous (V)
scaling (Eq. 2.29) can be rewritten as
Rm = 0.0709 `v|t′ |. (6.18)
Combining Eqs. 6.17 - 6.18, the proper definitions for the scaled profile radius
R∗ and the scaled axial coordinate z∗ are determined:
R∗ = R
Rm
, (6.19)
z∗ = z − z0
Rm
(tp − t)1−β , (6.20)
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(a) regular profiles (b) scaled profiles
Figure 6.15: Experimental filament profiles of the Newtonian PDMS 2, for
which time until breakup is indicated. (a) The profile radius R is shown as a
function of the axial coordinate z. (b) The profiles are rescaled according to
the viscous similarity solution.
(a) regular profiles (b) scaled profiles
Figure 6.16: Filament profiles of a PDMS 2-based suspension of PS20 particles
with φ = 0.10 near pinch-off. The time until breakup is indicated for each profile.
(a) The experimental profiles are shown where the first three are situated during
the accelerated thinning of the continuous phase and the other four are observed
in the deceleration stage. (b) The profiles are rescaled and the profiles in the
deceleration stage are clearly overlapping and exhibit the same shape as the
viscous self-similar solution.
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where z0 is axial coordinate corresponding to the minimal radius. This rescaling
is first evaluated on filament profiles of a capillary breakup experiment of pure
PDMS 2 oil, which already demonstrated to follow the viscous scaling. Figure
6.15 shows that the selected profiles that are initially considerably different, all
coincide after rescaling. These profiles thus exhibit self-similarity and approach
the symmetric shape of φSt, proving the validity of the viscous scaling for this
system. A similar rescaling was also used by Kowalewski [92] on a jet of a
glycerol-water mixture with a comparable viscosity (η = 400 mPa.s).
The rescaling of the axes is subsequently employed on filament profiles of a
suspension of PS20 in PDMS 2 with φ = 0.10 near pinch-off in Figure 6.16.
Seven profiles are selected in the final 5 ms before breakup, during which the
continuous phase is thinning between particle clusters. The first three profiles
at times 5, 4 and 3 ms before breakup, occur during the accelerated thinning
regime and do not exhibit self-similarity. In this regime, a small region around
z∗ = 0 is observed to be particle-free and surrounded by clusters of particles.
On the other hand, the last four profiles at times 2, 1.67, 1.33 and 1 ms before
breakup, clearly demonstrate the self-similar nature of the final deceleration
regime, approaching the symmetric shape of φSt. The rescaled profiles of the
oil and the suspension are however not completely identical, since the Stokes
solution φSt is universal, up to a single parameter which sets the width of the
solution [5, 99].
Although the interstitial fluid continues to thin between two particle clusters
in this regime, finite-size effects cease to alter the thinning dynamics so that
the thinning rate can be solely described by the viscosity of the medium
fluid. Consequently, we are able to recover the Newtonian thinning transitions
described in Section 6.2. In Figure 6.17, we plot the deceleration regime for
the PS20 suspension with a range of volume fractions for both medium fluids
PDMS 1 and PDMS 2. The deceleration is more prominent for suspensions
with a lower particle volume fraction. To allow comparison of samples with
a different medium viscosity, the time is rescaled with the viscous time scale
tη (Eq. 6.2), where we have chosen the particle radius as the reference radius:
R0 = Rp. The time axis is further shifted with tc, the time at which filament
radius equals the reference radius.
The slopes of the two possible self-similar solutions for a viscous liquid are shown
in Figure 6.17. For the suspensions with PDMS 1 as medium fluid, there is the
appearance of a transition from the V-scaling to the IV-scaling close to breakup,
whereas the PDMS 2-based dispersions persist in following the V-scaling. The
switch to the IV-scaling results in a relatively longer deceleration zone for the
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Figure 6.17: Deceleration of the filament thinning near pinch-off for a series
of suspensions of PS20 with both medium fluids. The time is rescaled with
tη and minimum filament radius is depicted relative to the particle radius.
The deceleration is more pronounced for lower particle volume fractions and
for lower medium viscosity, where the thinning dynamics tend to the slower
inertia-viscous (IV) scaling before breakup.
PDMS 1-based suspensions. Moreover, the final shape of a Newtonian filament
is controlled by the preferred scaling law prior to breakup [4]. This is illustrated
in Figure 6.18 for two suspensions with a volume fraction φ = 0.10. The PDMS
2-based suspensions exhibit a symmetrical pinching, where the breakup occurs
in the centre of the filament. In contrast, the symmetry in the filament of the
PDMS 1-based suspensions is broken under the influence of inertia, generating a
vertical shift of the necking point along the filament towards the particle clusters.
This asymmetrical pinch-off results in the formation of a small satellite droplet,
which is not observed with PDMS 2-based suspensions. This contrast between
the two medium fluids was already observed during the capillary thinning
experiments on the pure liquids in Section 6.2. However, during the deceleration
regime of these PDMS 1 suspensions, the transition to IV-thinning occurs at
significantly smaller radii, agreeing with the prediction of Eq. 6.5 due to the
smaller reference radius R0.
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(a) (b)
0.33 0.11 0 -­0.11 0.66 0.33 0 -­0.33
(a) PDMS 1
(a) (b)
0.3 0.1 0 -­0.1 0.6 0.3 0 -­0.3
(b) PDMS 2
Figure 6.18: Comparison of the filament shape near pinch-off of two suspensions
of PS20 with φ = 0.10 with (a) PDMS 1 and (b) PDMS 2 as medium liquid.
The loss of axial symmetry causes the formation of a satellite droplet for the
fluid with the lowest viscosity. The time before breakup (in ms) is shown for
each image and the scale bar represents 50 µm.
6.4 Simulations
6.4.1 One-dimensional particle model
In order to obtain a better understanding of the correlation between changes
in the thinning dynamics and the particle distribution in the filament, the
experiments are compared with modelled filament thinning. These simulations
were performed by Claire McIlroy of the University of Leeds to mirror some of
the previously presented experiments. The simulations are executed with the
method developed by McIlroy and Harlen [22] that solely examines the effects of
axial variations in particle concentration in accordance with the study of Crosby
and Lister [189], which demonstrated that the effects of particle variations in
the r and θ directions may be neglected. The model assumes that the filament
generated by the CaBER is sufficiently long and thin that it can treated as an
axisymmetric slender jet. Thus, as governing equations for the dimensionless
filament radius h(z¯, τ) and the velocity v¯(z¯, τ), we use the one-dimensional form
that is thoroughly discussed in Appendix C, being
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∂h2
∂τ
+ ∂
∂z¯
(h2v¯) = 0, (6.21)
∂
∂τ
(h2v¯) + ∂
∂z¯
(h2v¯2) = ∂
∂z¯
(
h2
(
K + 3Oh∂v¯
∂z¯
))
, (6.22)
for conservation of mass and momentum, respectively. Here the curvature term
is defined as
K = hzz(1 + h2z)3/2
+ 1
h(1 + h2z)1/2
, (6.23)
with the z-subscript denoting differentiation with respect to z¯. These governing
equations (Eqs. 6.21-6.23) have been non-dimensionalised with respect to the
initial radius R0 and the Rayleigh time tR =
√
ρR30/γ. The initial shape of the
free surface is modelled as an arc of a circle to simulate a liquid bridge held
between two end plates, as in the CaBER technique. For each realisation, the
particles are initially uniformly distributed at random axial positions zp, for
p = 1, . . . , Np, throughout the liquid bridge. The average volume fraction is
given by
φav =
Np
Vtot
Vp, (6.24)
where Vp is the particle volume, which for spherical particles is
Vp =
4
3piR
3
p. (6.25)
Thus, the effective particle radius Rp is controlled by varying the number of
particles Np. The particles are assumed to be sufficiently large that Brownian
motion is negligible. In addition, we assume that the overall effects of particle-
particle and particle-surface interactions can be neglected so that each particle
moves with the axial velocity v(zp, t) of the fluid, obtained by linear interpolation.
The local volume fraction φ is then determined from the number of particles
within a segment of the filament. This concentration discretisation is larger
than the mesh size used in the solution of Eqs. 6.21-6.22 and, within limits,
does not affect the ultimate thinning dynamics [22].
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The effects of particle concentration on the dynamics are incorporated by
assigning a local viscosity from the Maron-Pierce relation (see Eq. 6.1), which
introduces a local Ohnesorge number in Eq. 6.22, given by
Ohi = Ohs
(
1− φi
φmax
)−2
, i = 1, . . . Nb, (6.26)
where Ohs denotes the Ohnesorge number of the solvent and Nb is the number
of bins used in the concentration discretisation. In this way, the particles
contribute only to the local viscosity of the fluid and the direct effects of
individual particles on the free surface are neglected. The governing equations
(Eqs. 6.21-6.23) are then solved via a semi-implicit numerical scheme, where
the velocity terms are treated explicitly. Simulations are executed to mimic
the particles used in the experiments for various concentrations φ < 0.25. In
general, ten realisation are performed for a single suspension to account for the
statistical variation arising from the initial particle distribution. Suspensions
with Rp = 3 µm are not included in the comparison, due to computational time
constraints.
6.4.2 Comparison to experiments
We first evaluate the quality of the model predictions by comparing a single
breakup curve. Figure 6.19a compares the experimental evolution of the
minimal filament radius (points) for 10% of PS20 in PDMS 2, which is also
displayed in Figure 6.3b, with the results of the numerical simulation (solid line).
Despite the simplicity of the model, the corresponding simulation captures the
qualitative features of the experiments, including a transition to an accelerated
thinning of the filament due to fluctuations in the local particle density and
a final deceleration. Moreover, it quantitatively captures both the radius of
onset and the thinning velocity during this phase of thinning. The small
difference in the slope of the initial linear regime is caused by a small difference
between the experimentally observed suspension viscosity and the predictions of
Maron-Pierce model used in the simulations. The degree of agreement between
the simulations and experiments strongly suggests that the acceleration is a
consequence of the amplification of particle-density fluctuations in the thinning
filament. These fluctuations result in local regions of lower than average viscosity
that are able to thin more easily, producing a more rapid thinning in these
regions.
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(a) 10% PS20 (b) particle size
(c) volume fraction (d) transition radius
Figure 6.19: Comparison of the modelled capillary breakup with the experiments
for PDMS 2 -based suspensions. (a) The evolution of the minimal radius during
capillary breakup of a suspension with 10% of PS20 (dots) and simulation
results (solid line) with the same concentration and particle size. (b) Breakup
curves for dispersions with varying particle size at φ = 0.25 and (c) varying
concentration for Rp = 20 µm. (d) Overview of the scaled tradition radius
RT1/Rs for the experiments (triangles) and simulations (dots and line).
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Similar to the experimental section, we explore the effects that changing
suspensions properties has on the thinning dynamics. Figure 6.19b shows
two experimental thinning curves for PS10 and PS20 with a fixed volume
fraction φ = 0.25 that are also shown in Figure 6.13a. The results of the
one-dimensional model are shown by the two lines, which are shifted so that
the experimental and modelled curve have the same pinching time. The model
results agree qualitatively with the experimental data, as the larger particle
deviates earlier from the linear thinning of suspension thinning stage and the
final thinning dynamics are well represented. Despite the similarity, we observe
differences in the transition radius RT1 that indicates the onset of concentration
fluctuations. Compared to the experimental data, the model underpredicts RT1,
resulting in a larger breakup time.
In a similar fashion, Figure 6.19c shows the evolution of the minimal filament
radius for three suspensions of PS20 having volume fractions φ = 0.02, 0.10 and
0.25. Again, the model results are given by the lines that have the same pinching
time as the experimental points. In this case, the time axis is rescaled by tη
(Eq. 6.2) so that, as in Figure 6.19b, the initial thinning trajectory of the three
samples overlap. A deviation from the linear suspension regime is observed at
larger filament radii for the more concentrated experimental samples and the
model results are again in qualitative agreement. Once more, we observe small
differences in the transition radius RT1 predicted by the model compared to
the experimental data.
A comparison of the simulated and experimental transition radius RT1 is shown
in Figure 6.19d, where the radii are rescaled with Rs. Also in the simulations,
the precise value of the transition radius depends upon the initial particle
distribution and so varies in consecutive experiments and numerical realisations
of the same suspension. As mentioned in Section 6.3.2, the scaling works well
for the simulated transition radii, particularly in the range φ = 0.10− 0.25. For
smaller concentrations, the transition between the suspension regime and the
accelerated regime is not as pronounced, as the slopes of the respective regimes
are similar. It is to be expected that this scaling should work better for the
simulated thinning profiles than the experiments as both neglect the effects of
the excluded volume in the particle distributions, whereas the experimental
systems contain impenetrable hard spheres. Expressions for Hp in a system of
impenetrable hard spheres have been established by Torquato and co-workers
[190, 191], but the moments of this function cannot be obtained analytically.
Moreover, the scaled transition radius has the highest value for the concentrated
samples of the smallest particles PMMA3, which may be the result of colloidal
forces.
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6.5 Conclusion
We have studied the drop formation of non-colloidal suspensions in a Newtonian
medium by examining the pinch-off dynamics of an unstable liquid bridge.
This geometry instantly creates a slender filament enabling the use of self-
similar scaling to explain the thinning dynamics. This strategy results in a
more straightforward interpretation of the capillary breakup than in previous
dripping studies on similar fluids [18, 21], identifying four distinct thinning
regimes. The suspension initially behaves as homogeneous viscous fluid and
the filament radius decreases linearly in time following the viscous scaling for
the effective viscosity of the suspension, which is accurately described by the
Maron-Pierce model. As the filament thins, local particle density fluctuations
are amplified resulting in a heterogeneous suspension with diluted zones that
exhibit faster thinning rates due to the local decrease in viscosity. By examining
the shear response of the suspensions, we have excluded that strain thinning
causes this acceleration. The onset of this concentration fluctuation regime is
defined with a transition radius RT1 that increases with particle radius and
volume fraction. A scaling for this radius was proposed based on the standard
deviation of the mean inter-particle distance and the relative dependence of the
viscosity to small changes in the volume fraction. The value of the transition
radius is crucial in estimating the reduction in breakup time compared to a
viscous fluid with matching shear viscosity.
The local dilution eventually develops a particle-free section, where a small
volume of medium fluid is caught between two particle clusters. At this point, the
breakup resembles a small-scale filament stretching experiment and the thinning
rate reaches a maximum. The onset of this third regime has been quantified
by a second transition radius RT2 that decreases for large particle volume
fractions. Subsequently, we observe a transition from the accelerated regime to
a last deceleration regime, which has not been detected in previous experimental
studies. The thinning of the continuous phase appears unaffected by the presence
of the particles and follows the viscous scaling of the medium fluid. This scaling
has been verified by rescaling the filament profiles to retrieve the symmetric
Stokes similarity solution. In the final section, we have demonstrated excellent
agreement between capillary breakup experiments and the model for capillary
breakup of particulate suspensions developed by McIlroy and Harlen [22] for a
range of suspensions with different particle size and concentration.

Chapter 7
Conclusions and outlook
Main conclusions
In this work, we have investigated the capillary-driven breakup of liquid filaments
in different experimental geometries. For low and moderately viscous liquids,
surface tension can destabilise a sufficiently slender filament, leading to the
formation of two droplets. The thinning dynamics during this free-surface flow
are determined by the balance of surface tension with the dominant resisting
stress, which depends on the relative magnitudes of relevant fluid properties,
such as density, viscosity and elasticity. Due to the absence of a no-slip boundary
condition at the free surface, a uniaxial extensional flow field is created in the
filament that is capable of inducing strong deformations in the microstructure
of complex fluids. The rheological behaviour in extension can therefore not be
predicted from the shear response, since shear flows are inherently weaker due
to the rotational component. Depending on the type of non-Newtonian fluid,
the non-linear deformation can either have stabilising or destabilising effect on
the fluid column.
Detection of fast extensional relaxation processes
Measuring the extensional rheology of low viscous liquids is very challenging,
primarily due to the complexity of generating a homogeneous flow field. For
this reason, free-surface flows are used as a characterisation method for the
extensional flow properties of such liquids. Generally, an unstable liquid
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column is created by rapidly stretching a fluid droplet between two plates and
monitoring the breakup dynamics to extract rheological material parameters.
The commercially available CaBER device, which follows the minimal filament
radius with a laser micrometer, can detect viscosities down to η = 70 mPa.s
and measures relaxation times until a lower limit of λ = 1 ms [111]. In order to
extend the measuring range to fast relaxation processes near pinch-off, we have
improved the CaBER setup in our lab in two ways.
• The spatial and temporal resolution of the setup is enhanced by following
the thinning filament with a high-speed camera equipped with new lens
system. This lens consists of a custom-made tube lens combined with a
microscopic objective that provides a resolution of 3 µm. Additionally,
the illumination is optimised to allow shutter times down to 3 µs. This
improved setup enables us to visualise very small structures in the filament
with great detail. The enhanced resolution is most clearly demonstrated
during final pinching of non-colloidal suspensions, where it is possible to
track the movement of individual particles with particle radii as low as
Rp = 3 µm.
• Image processing routines are substantially improved by employing a
modified version of the Marr-Hilldreth edge detector to locate the position
of the filament edges with sub-pixel accuracy. A commercially available
program was written to easily process consecutive images of a CaBER
experiment and determine the relevant material parameters from the
evolution of the minimal filament radius Rm(t). The code was employed
to characterise a set of capillary breakup experiments on inkjet printing
model fluids performed with a custom-built extensional rheometer at
Cambridge University that can stretch with higher velocities. The software
is able to quantify relaxation times in these fluids of λ = O(100 ms), which
are the smallest relaxation times that have been reliably obtain in capillary
breakup experiments.
With the improved capillary breakup rheometer, we are now able quantify very
fast relaxation processes in complex fluids that are used in commercial spraying
and printing applications. The presence of such very small viscoelasticity
can be beneficial to tune spraying patterns or to suppress the formation of
satellite droplets that reduce the printing quality. Knowledge of the extensional
rheological properties of these weak viscoelastic fluids is an important element
in understanding the performance of these fluids during their application.
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Viscoelastic jets exhibit different breakup dynamics than other
free-surface flows
The viscoelastic nature of polymer solutions delays the breakup process of
free-surface flows. The strong extensional flow field in the filament unravels the
polymer chains, resulting in strong non-linear elastic stresses and a corresponding
increase of the transient extensional viscosity. Capillary instabilities are
stabilised during the important elasto-capillary regime, where the surface tension
is balanced by the elastic polymeric stresses and the characteristic beads-on-a-
string morphology appears. We have investigated experimentally the instability
growth and the resulting breakup of inviscid, weak elastic jets. Unforced jets of
different dilute polymer solutions are captured for a series of Weber numbers,
ranging from the dripping-jetting transition at We = 1 to long stable jets at
We = 80. The different thinning stages of the weak elastic jet are thoroughly
described for different material and process parameters.
• The jet radius initially expands beyond the dimensions of the nozzle radius
due to flow rearrangement when the fluid exits the nozzle. This extrudate
swell increases with polymer concentration and decreases with the Weber
number in a similar way as an inviscid Newtonian jet. The straight section
of the jet is characterised by the onset of Plateau-Rayleigh instabilities
that grow according to the predictions by linear stability analysis. The
average wavelength of the instabilities is larger than in the case of a
inviscid Newtonian liquid.
• The non-linear thinning is dominated by the elasto-capillary regime where
the minimal filament radius decreases exponentially in time. By comparing
the thinning dynamics of the jet with static capillary breakup experiments,
a different time scale for the exponential decay is identified in both free-
surface flows. A new time scale of θ = 2λ is observed during the jetting
experiments, which implies that jets break up faster than static liquid
bridges of the same elastic fluid. The smaller time scale in the EC regime
of the jet is explained by a constant axial force, which is caused by the
constant creation of new surface under the nozzle.
• The corner region where the filament is connected to the droplet displays a
similarity structure in the static capillary breakup tests. On the contrary,
the jetting profiles are not self-similar, indicating that the axial force is not
decaying with the filament radius. Moreover, numerical simulations of the
jet breakup with the FENE dumbbell model agree with the experimental
observation when a proper value for the initial deformation of the polymer
molecule is selected.
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• The elasto-capillary regime ends when the polymer chains reach their
finite extensibility limit resulting in the breakup of the jet. The breakup
length is quantified for different solutions at various Weber numbers. An
expression for the breakup length is proposed that shows a correlation
with the square root of the Weber number, the Deborah number and the
finite extensibility parameter.
The different time scale in the EC regime of a continuous jet is not only
of fundamental interest as these jets are encountered in various spraying
and dispensing applications. Since the extensional relaxation times of weak
viscoelastic fluids are usually measured in a static capillary breakup experiment,
the use of the wrong time scales results in an overproduction of the breakup
time. Moreover, for the interpretation of the rheological data determined with
the new jetting rheometers, it is important to use the correct time scales.
Suspensions are destabilised by the amplification of particle
density fluctuations
As a second model system, we have studied the drop formation of non-colloidal
suspensions in a Newtonian matrix. The breakup process is examined with the
CaBER setup, where the instant creation of a slender filament results in a more
straightforward interpretation of the capillary breakup than during previous
dripping experiments. Experiments are performed on suspensions with varying
particle radius and volume fraction and the results are in excellent agreement
with simulations by Claire McIlroy and Oliver G. Harlen from Leeds University.
The thinning dynamics are explained by dividing the breakup process into four
distinct stages.
• The suspension initially behaves as a homogeneous viscous fluid and the
filament radius decreases linearly in time following the viscous similarity
scaling for the effective viscosity of the suspension. This viscosity is
accurately predicted by the Maron-Pierce model.
• As the filament becomes thinner, it is destabilised by the amplification
of local particle density fluctuations. These fluctuations generate a
heterogeneous filament with diluted zones that exhibit a smaller viscosity
and hence faster thinning rates. The onset of this concentration fluctuation
regime is captured by a transition radius RT1 and a scaling for this radius
is proposed based on the standard deviation of the mean inter-particle
distance and the relative dependence of the viscosity to small changes in
the volume fraction.
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(a) Unforced instabilities
(b) Forced instabilities
Figure 7.1: Comparison of two viscoelastic jets (0.1% PEO2 solution,We = 3.8):
(a) an unforced jet that was studied in Chapter 5 and (b) a jet with periodic
instabilities originating from a piezo-electric actuator that is attached to the
nozzle (kR0 = 0.68).
• The third regime starts when a particle-free section appears in the filament,
where a small volume of medium fluid is caught between two particle
clusters. At this point, the breakup process resembles a small-scale
filament stretching experiment and the thinning rate reaches a maximum
value.
• Just before breakup, a final deceleration regime is observed during which
the depleted filament approaches the thinning rate of the pure medium
fluid. The viscous self-similar scaling is verified by rescaling the filament
profiles to retrieve the symmetric Stokes similarity solution.
Outlook for future research
Some suggestions for further research can be made based on the present thesis:
• All jetting experiments that are presented in this work start from unforced
jets where the wavelength of the instability corresponds to the largest
growth rate. Although such natural jets are encountered in most spraying
and dispensing applications, the inevitable variation in the wavelength
(see Figure 5.11d) makes the experimental procedure quite burdensome.
Only a small fraction of the filaments can be analysed, because small
changes in the wavelength can cause random coalescence of the beads
before breakup. This coalescence along the thread is illustrated in Figure
7.1a, in which two adjacent droplets are joining and the larger drops
further along the thread are a result of earlier coalescence. The natural
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variation can be eliminated by imposing periodic perturbations to the
fluid via a piezo-electric actuator that positioned close to the nozzle. The
drive frequency of the piezo element fp is taken over by the jet and if
the corresponding wavenumber k = 2pifp/v lies in the unstable region,
sinusoidal capillary instabilities with a single wavelength arise at the jet
surface and are convected downstream. As shown in Figure 7.1b, this
setup generates a periodic stream of equally sized beads, which simplifies
the image processing of the experiment. Moreover, the periodic nature
of the perturbation enables the use of stroboscopic imaging in order to
increase the temporal resolution of the setup.
• The simulations in Section 5.5.4 show that the finite extensibility of the
polymer chains has a large influence on the breakup of a viscoelastic
jet. Throughout our jetting study, we have only investigated polymer
solutions with approximately the same molecular weight and thus the
same extensibility. Hence, it should be interesting to examine the thinning
dynamics of a series of low viscous polymer solutions with the same
relaxation time λ, but with different finite extensibility parameters L.
• In Section 6.3.3, we have stated that the final breakup stages of a non-
colloidal suspension resemble a small-scale filament stretching experiment.
Different thinning rates are found when changing the particle size and
concentration, but an explanation for these trends is missing. Since
the model suspensions consist of a Newtonian matrix, it is possible to
model the liquid trapped between two end particles of finite diameter
as a stretching Newtonian liquid bridge with a non-uniform prescribed
movement of the end plates. A model, based on the one-dimensional
mass and momentum conservation equations (Eqs. C.22 & C.24), was
developed by Mariano Rubio and Alejandro Sevilla of University Carlos III
in Madrid. By comparing the experimental data with these simulations,
we hope to acquire a better understanding of this accelerated thinning
regime.
• A large disadvantage of extensional rheometry is that a single rheometer
can only probe a limited viscosity range. In our lab, polymer melts can be
measured with the EVF setup and low viscous samples are characterised
with the CaBER. However, many samples have an intermediate viscosity,
which eliminates the use of the former devices. A filament stretching
setup (see Section 2.1.3) would therefore be an excellent addition to the
rheometry lab.
Appendix A
Rheological definitions
Basic concepts
In rheology, the deformation and flow of various materials is examined. This
study involves the intimate relation between the flow and deformation on the
one hand and stress on the other hand. The stress in a material is generally
expressed using the three-dimensional symmetric stress tensor T:
T =
 Txx Txy TxzTyx Tyy Tyz
Tzx Tzy Tzz
 . (A.1)
where Tij are the stress components. The stress tensor completely describes the
the stress condition around a point in the material. The first index refers to the
direction of the stress component and the second to the normal to the plane
the stress acts on. The diagonal elements represent the normal stresses that
are oriented normal to the plain on which they act. The off-diagonal elements
provide the shear stresses that are oriented within the plane under consideration.
In absence of flow, there is still a hydrostatic pressure present in the fluid. The
pressure causes an identical normal stress in all direction giving
T = −P I (A.2)
where the sign convention is adopted that pressure is negative and tensile stress
is positive. The application of flow induces additional stresses in the material
that are captured with the extra stress tensor σ giving
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T = −P I + σ. (A.3)
Since the pressure does not affect the flow in incompressible fluids, the extra
stress tensor is the relevant rheological term. These extra stresses are only
generated when adjacent fluid elements are in relative motion. This implies
that rigid body rotations do not contribute to the stress. Hence, a distinction
must be made between the stretching and the rotational part of the flow. A
three-dimensional flow field is characterised with the velocity gradient tensor
∇v:
∇v =

∂vx
∂x
∂vx
∂y
∂vx
∂z
∂vy
∂x
∂vy
∂y
∂vy
∂z
∂vz
∂x
∂vz
∂y
∂vz
∂z
 (A.4)
in which vx, vy and vz are the velocity components in the three Cartesian
directions. The rotational component can be removed by using the so-called
symmetric part of the velocity gradient. The result is the rate of strain tensor
2D that is defined as
2D = ∇v + (∇v)T . (A.5)
The rotational part of the flow is captured by the vorticity tensor Ω, which is
defined as
Ω = ∇v− (∇v)T . (A.6)
Constitutive equations
The intrinsic relation between the stress and the deformation of a fluid is
provided by a rheological constitutive equation. The most simple example is
the constitutive equation of a Newtonian liquid that states that the extra stress
in the liquid is proportional to the rate of strain tensor
σ = 2ηD (A.7)
where η is the shear viscosity of the fluid. This three-dimensional version of
Newton’s law also predicts an extensional viscosity ηE = 3η for a uniaxial
extensional deformation (see Section 2.1).
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However, many fluids do not satisfy the linear proportionality between stress
and strain rate and are considered non-Newtonian. A first class of non-
Newtonian fluids are the generalised Newtonian liquids, for which the stress is
still completely determined by the instantaneous value of the strain rate, but is
not proportional to it anymore. In order words, the viscosity of the fluid is not
a constant but becomes a function of the flow strength, which is expressed by
the second invariant of the rate of strain tensor, giving
σ = 2η(II2D)D. (A.8)
For simple steady shear, the second invariant equals γ˙2, so the viscosity of the
generalised Newtonian liquid is a function of the instantaneous value of the
shear rate. In general, there are several common expression for η(II2D). The
most widely used form of the general viscous constitutive model is the power-law
model:
η = Kn|II2D|(n−1)/2, (A.9)
where n is the power law exponent and Kn is the consistency index. Alternatives
like the Ellis model, the Cross model and the Carreau model use additional
parameters to describe the viscosity.
A second class of rheological constitutive equations considers the fact the many
materials exhibit an intermediate behaviour between a viscous fluid and an
elastic solid. For an ideal elastic solid, the stress proportional to the deformation
instead of the rate of deformation in a liquid. Materials with a rheological
behaviour in between a solid and a liquid are called viscoelastic fluids. The
most simple constitutive equation for these fluids is the Maxwell model
λσ˙ + σ = 2ηD (A.10)
where λ is the characteristic relaxation time of the material. The material
exhibits solid-like behaviour for time scales smaller than λ, whereas it exhibits
liquid-like behaviour for larger time scales. Since the Maxwell model is a
linear equation, it is only valid for small deformations. For larger strains, the
material response also depends on the applied strain and it can display non-
linear viscoelastic behaviour, such as normal stresses in shear deformation or
extensional strain hardening. Several non-linear constitutive equations have
been developed to predict these phenomena. A general time-dependent non-
linear model is obtained by incorporating rheological non-linearity into the
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Maxwell equation. This is achieved by replacing the substantial time derivative
σ˙ in Eq. A.10 with the upper-convected time derivate σ∇, generating the
upper-convected Maxwell (UCM) model:
λσ∇ + σ = 2ηD. (A.11)
The upper-convected time derivative is a time derivative in a special coordinate
system whose base coordinate vectors stretch and rotate with material lines. It
is defined as:
σ∇ = dσ
dt
+ v · ∇σ − σ∇v−∇vTσ. (A.12)
This definition implies that stresses are only produced when material elements
are deformed [23]. The UCM model is non-linear because σ∇ contains products
of the velocity gradient and the stress tensor. For small deformations, the
non-linear terms disappear and the upper-convected time derivative reduces
to the substantial time derivative, giving the linear Maxwell model. For large
deformations, the UCM model can predict non-linear phenomena, such as
an unbounded growth of the extensional viscosity in a uniaxial extensional
deformation for a Weissenberg number Wi = λ˙ > 1/2.
Appendix B
Uniaxial extensional
deformation
vend R vend 
L 
r 
z 
A=πR2 
Figure B.1: Cylindrical sample undergoing uniaxial extension.
A uniaxial extensional deformation is characterised by a positive extensional
deformation in just one coordinate and a contraction in the two other directions.
This is shown in the rate of deformation tensor (see Eq. 2.2), which consists of
one positive and two negative diagonal components. As illustrated in Figure
B.1, the easiest way to imagine the generation of a uniaxial extension is to pull
on both ends of a rod of fluid. In order to generate a steady uniaxial extensional
deformation the flow field should be:
vz = ˙ z and vr = − ˙ r2 (B.1)
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where ˙ is the constant extension rate. In order to achieve this velocity field in
symmetric way, the sample ends should move with the velocity
vend =
˙ L
2 . (B.2)
where L is the length of the rod. This end plate velocity can be rewritten as a
simple first order differential equation
dL
dt
= ˙ L, (B.3)
which can be solved by integrating from the initial length L0 to L
L = L0 e˙t. (B.4)
Hence, the length of the sample increases exponentially and the sample ends
must move with an exponentially increasing velocity
vend =
1
2 ˙ L0 e
˙t. (B.5)
The strain in the sample is defined as
 = ˙ t = ln
(
L
L0
)
. (B.6)
This logarithmic strain measure is characteristic for extensional deformation of
a fluid and is generally called the Hencky strain.
During filament stretching and capillary breakup experiments, the effective
strain rate is calculated using observations of the filament radius. An expression
for the strain rate is derived from Eq. B.4
˙ = 1
L
dL
dt
. (B.7)
Because of the conservation of volume for an incompressible material, R2L =
R20L0, this expression can be rewritten as
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˙ = − 2
R
dR
dt
(B.8)
and the evolution of the radius is found as
R(t) = R0 exp
(
− ˙t2
)
. (B.9)
This expression indicates that the radius of a cylindrical filament should decrease
exponentially under a constant strain rate.
The stress causing the sample to elongate is the normal stress difference Tzz−Trr.
Ignoring surface tension and other factors like gravity for simplicity, this stress
is the tensile force per unit area acting on the end of the sample
T11 − T22 = FT
A
. (B.10)
The area A and the force FT are obviously time dependent. Because of the
conservation of volume, the evolution of the area A(t) = piR2 can be predicted
using Eq. B.9
A(t) = piR20 exp(−˙t). (B.11)
Thus the stress difference becomes
T11 − T22 = FT exp(˙t)
piR20
. (B.12)

Appendix C
One-dimensional
Navier-Stokes equation for
thin filaments
This appendix provides an overview of the mass and momentum equations
that are required to accurately describe the dynamics in a free-surface flows.
We start by introducing the full three-dimensional Navier-Stokes equations
that are subsequently simplified to a one-dimensional approximation under
the assumption that the flow is predominantly located in the axial direction.
Assuming the fluid column is sufficiently slender, the internal length and time
scales (Eqs. 2.22 and 2.23) naturally appear by selecting the proper scales for the
terms in these equations. The leading order equations are obtained with a radial
expansion of the three-dimensional equations that was introduced by Eggers
and Dupont [87]. These simplified equations are encountered in most papers on
capillary breakup and are used for the simulations in Chapter 6. The equations
are also employed in the research of viscoelastic fluids by replacing Newton’s
law with an appropriate constitutive equation [83, 107, 161, 168, 192]. As an
illustration of the predictive strength of this simplified description, we simulate
the static capillary breakup of Newtonian liquids with different viscosities,
similar to the experiments that are presented in Section 6.2.
165
166 ONE-DIMENSIONAL NAVIER-STOKES EQUATION FOR THIN FILAMENTS
Full Navier-Stokes equations
We start by defining the set of partial differential equations that are used to
study free-surface flows in a time dependent fluid domain. The main challenge
for describing these flows is to find an accurate description for the fluid boundary.
The driving force for filament breakup is proportional to the mean curvature,
which goes to infinity as the jet radius goes to zero, making jet breakup a very
singular phenomenon [17]. The momentum conservation is represented by the
Navier-Stokes equation for an axisymmetric column of an incompressible fluid.
These equations are expresses in cylindrical coordinates [86] as
ρ
(
∂tvr + vr∂rvr + vz∂zvr
)
= −∂rP + η
(
∂2rvr + ∂2zvr + ∂rvr/r − vr/r2
)
, (C.1)
ρ
(
∂tvz + vr∂rvz + vz∂zvz
)
= −∂zP + η
(
∂2rvz + ∂2zvz + ∂rvz/r
)− ρg. (C.2)
The gravitational acceleration points in negative axial direction. The continuity
equation reads
∂rvr + ∂zvz + vr/r = 0. (C.3)
The previous equations hold for 0 ≤ r < R(z, t). On the free boundary, a stress
boundary condition is defined, where the pressure and the viscous forces are
balanced by the capillary forces:
nT T n = −γκ, (C.4)
nT T t = 0. (C.5)
In these equations, n and t are unit vectors normal and the tangent the surface,
respectively. Both vectors can be expressed in function of R′ where the prime
refers to a differentiation with respect to z. Since there are no gradients in the
surface tension, the tangential stress at the interface is zero. Explicitly, this
gives
P − 2η1 +R′2
(
∂rvr + (∂zvz)R′2 − (∂rvz + ∂zvr)R′
)
= γκ |r=R (C.6)
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for the normal stress and
η
1 +R′2
(
2(∂rvr)R′ − 2(∂zvz)R′ + (∂rvz + ∂zvr)(1−R′2)
)
= 0 |r=R (C.7)
for the tangential stress. The expression for the mean curvature κ of an
axisymmetric volume was introduced in Chapter 2. Finally, the surface has to
move with the velocity field at the boundary:
∂tR+ vzR′ = vr |r=R. (C.8)
This set of six coupled partial differential equation provides a full solution for
the free-surface flow. Once the velocity known, the interface is moved according
to Eq. C.7. The shape of the interface then couples back into the flow via the
boundary conditions (Eqs. C.6 - C.7). In the next sections we show how these
equations can be simplified to a set of two coupled partial differential equations.
Scaling
We want to find approximate solutions to the equations of motion in a thin
filament where the typical thickness `r of the fluid neck is small compared with
a typical axial scale `z . This means the problem contains a small parameter ε
which relates the two scales
`r = ε`z. (C.9)
This assumption is similar to the classic lubrication theory to describe the
flow in very narrow channels [86]. Additionally, the problem is characterised
by a time scale τ . These three scales are now used to estimate the order of
magnitude of the different terms in the Navier-Stokes equation. The axial
velocity component is approximated by vz ≈ `z/τ , which can be seen as a
definition for τ . From the continuity equation (Eq. C.3), we have ∂zvz ≈ ∂rvr
and therefore vr ≈ ε`z/τ . The momentum equation consists of three terms, i.e
inertial and viscous stresses and the pressure, that should have the same order of
magnitude to get a balanced equation. The main contribution from the pressure
comes from the mean curvature κ that is dominated by the radius of curvature
perpendicular to the axis, κ ≈ 1/`r. The scales for the three important terms
in the axial momentum balance are
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ρ∂tv ≈ ρ `z
τ2
, (C.10)
∂zP ≈ γ
`r`z
, (C.11)
η∂2zvz ≈
η
`zτ
. (C.12)
By equating the inertial and the pressure term, we get
γ
ρ
= `r`
2
z
τ2
= ε`
3
z
τ2
, (C.13)
and balancing the inertial and the viscous term gives
η
ρ
= `
2
z
τ
. (C.14)
By combining Eq. C.9 with Eqs. C.13 - C.14, an expression for the three scales
is obtained:
`z = ε
η2
γρ
, `r = ε2
η2
γρ
, τ = ε2 η
3
ργ2
, (C.15)
where the typical internal length `v and time scale tv appear as defined Chapter
2 (Eqs. 2.22 and 2.23). As expected, these scales are solely based on the
physical properties of the liquid and the flow becomes independent of the initial
conditions.
Radial expansion
A crucial simplification was introduced by Eggers and Dupont [87] by keeping
only the lowest order radial dependence in the set of equations. The velocity
and the pressure are expanded in a Taylor series with respect r
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vz(r, z, t) = v0 + v2r2 + . . . , (C.16)
vr(r, z, t) = −v
′
0r
2 −
v′2r
3
4 − . . . , (C.17)
P (r, z, t) = P0 + P2r2 + . . . . (C.18)
The pressure and axial velocity are symmetrically expanded and the coefficients
for radial velocity are chosen in accordance with the continuity equation (Eq.
C.3). These expansions are inserted in the full Navier Stokes description (Eq.
C.1- C.3 and C.6 - C.8) and the equations are simplified by taking only the
lowest order terms into account. The axial momentum balance (Eq. C.2)
reduces to
ρ (∂tv0 + v0v′0) = −P ′0 + η (4v2 + v′′0 )− ρg. (C.19)
In this equation, P0 and v2 can be eliminated using the simplified boundary
conditions in the normal
P0 + ηv′0 = γκ, (C.20)
and the tangential direction
− v′0R′ + 2v2R−
1
2v
′′
0R− 2v′0R′ = 0. (C.21)
This elimination results in the leading order approximation of the momentum
balance and by dropping the index in v0, we obtain
ρ (∂tv + vv′) = −γκ′ + 3η
(
R2v′
)′
R2
− ρg. (C.22)
The typical Trouton ratio of 3 appears as a coefficient for the viscous term in
this one-dimensional approximation of the Navier-Stokes equation.
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Figure C.1: Section of a rotationally symmetric fluid jet.
Continuity equation
The continuity equation can be derived by introducing the radial expansion
into the kinetic boundary condition (Eq. C.8). However, it is more intuitive to
simply take a macroscopic mass balance over the slender filament. Figure C.1
displays an axisymmetric control volume between two cross sections a slender
jet. The circular cross sections are perpendicular to the axial velocity v, so only
this component is considered in the mass balance, giving
∫ z
z0
∂(ρpiR2)
∂t
dz = ρpiR20v0 − ρpiR2v. (C.23)
Assuming the fluid is incompressible, the fluid density can be eliminated and
the differentiation of this equation to z gives
∂R2
∂t
+ ∂(R
2v)
∂z
= 0. (C.24)
Dimensionless governing equations
The capillary thinning of a Newtonian fluid can thus be described by the
continuity equation (Eq. C.24) and the momentum balance (Eq. C.22).
Generally, these equations are presented in dimensionless version using the
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reference radius R0 as length scale and the Rayleigh time tR (Eq. 2.9) as time
scale, giving
∂h2
∂τ
+ ∂
∂z¯
(h2v¯) = 0, (C.25)
∂v¯
∂τ
+ v¯ ∂v¯
∂z¯
= −∂κ¯
∂z¯
+ 3Oh
h2
∂
∂z¯
(
h2
(
∂v¯
∂z¯
))
, (C.26)
where the global Ohnesorge number appears as a coefficient indicating the
importance of the viscous contribution. The curvature term (Eq. 2.21) is
defined as
κ¯ = 1
h
√
1 + (∂h/∂z¯)2
− ∂
2h/∂z¯2
(1 + (∂h/∂z¯)2)3/2 . (C.27)
It is convenient to write all terms on the right-hand side of Eq. C.26 in the
same from by rewriting the gradient of the mean curvature κ¯ as [107]:
∂κ¯
∂z¯
= − 1
h2
∂
∂z¯
(
h2K
)
(C.28)
where K is defined as
K = 1
h
√
1 + (∂h/∂z¯)2
+ ∂
2h/∂z¯2
(1 + (∂h/∂z¯)2)3/2 . (C.29)
The curvature term K has almost the same form as κ¯, but the sign in front
of the first term is reversed. Eq. C.28 is used to rewrite the dimensionless
momentum balance such that the inertial terms on the left are balanced by a
single gradient in the right-hand side. Additionally, the left-hand side of Eq.
C.26 is simplified with the Eq. C.25, giving
∂
∂τ
(
h2v¯
)
+ ∂
∂z¯
(
h2v¯2
)
= ∂
∂z¯
(
h2
(
K + 3Oh∂v¯
∂z¯
))
= 1
pi
∂F¯z
∂z¯
. (C.30)
The right-hand side of the equation consists of the gradient of the dimensionless
tensile force F¯z in the filament. The total axial force in the filament is
composed of bulk stresses applied to the cross-sectional area of the thread
and the projection of the line force in the axial direction
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F¯z = pih2
(
−P¯ + 2Oh∂v¯
∂z¯
)
+ 2pih√
1 + (∂h/∂z¯)2
. (C.31)
The dimensionless pressure P¯ can be eliminated with the stress boundary
condition in the normal direction (Eq. C.20), which explains in the different
sign of the surface tension contribution to the force.
Numerical scheme
To illustrate the predictive power of this set of simplified equations, we simulate
a CaBER experiment with fixed boundaries h = 1 and v¯ = 0 at the top and
bottom plate for all time steps. The equations are solved with Matlab with
a numerical procedure that is based on the finite difference scheme proposed
by Eggers and Dupont [87]. The spatial mesh is a fixed grid consisting of
N homogeneously distributed grid points {zi}Ni=0 between the two end plates,
at which the value of the approximate radius hi is defined. The value of the
approximate velocity vi is defined at the position zi+ 12 , located halfway between
two grid points:
zi+ 12 =
1
2 (zi + zi+1) . (C.32)
The solution at each time level is thus defined by two arrays {hi}Ni=0 and
{vi}N−1i=0 . Difference analogues of Eq. C.25 are defined for each zi point and
analogues of Eq. C.27 are set at each intermediate point zi+ 12 . The partial
differential equations are solved with a θ-method. In this type of solver, the
time derivative is replaced by a forward difference discretisation where k denotes
the present time-level and k+ 1 the next time-level. The value of the parameter
θ determines the weight of the spatial terms that are evaluated at the present
or the next time level:
ck+1 − ck
∆t = θF (c
k+1) + (1− θ)F (ck) (C.33)
where c represents an array of the variables (h and v) and F is an array of
difference analogues of the spatial terms of the continuity and momentum
equation for all mesh nodes. Since first order derivatives were employed in
the discretisation of the PDE’s, the solver becomes an explicit Euler method
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for θ = 0 and an implicit Euler method for θ = 1. An explicit method is
computationally cheap, but has the clear disadvantage that the time step ∆t
must be restricted in order to to fulfil the Courant stability condition. Moreover,
the time step ∆t should be smaller than the diffusion time h2/Oh, restricting
the assessment of higher viscosities [22, 107]. A purely implicit method has
the advantage of being unconditionally stable, so the only reason to restrict
the time-step is because of accuracy requirements. An implicit Euler has an
accuracy of O(∆t) which is the same as the explicit Euler. In our simulations,
θ is set to 1/2, which is in fact a more accurate Crank-Nicholson method. One
can show that this scheme is also unconditionally stable and its accuracy is one
order higher than the implicit Euler method, i.e. O(∆t2). The discretisation
results in a system of 2N-5 non-linear equations for each time step that arise
from the N-2 continuity equations at each non-boundary zi node and the N-3
momentum equations at each non-boundary zi+ 12 node. This system is solved
with the Newton-Raphson method, which generally requires only two iterations
to reach convergence.
We have simulated a CaBER experiment with plate radius R0 = 2 mm and the
final gap L1 = 8 mm. The initial shape of the free surface is modelled as an arc
of a circle to mimic a liquid bridge held between two end plates. The initial
middle radius Rm(0) = 0.4 mm was chosen to create some slenderness in the
initial column. Figure C.2 displays the evolution of three liquid bridges with
Oh = 0.1, Oh = 0.4 and Oh = 1.8. These Ohnesorge numbers correspond to
silicon oils with a viscosity of 20, 80 and 360 mPa.s, respectively. This latter
value matches PDMS 2 that was used as medium for the suspensions in Chapter
6. The dimensionless time to breakup (tp − t)/tR is specified for each filament,
suggesting larger breakup times for the more viscous fluids.
The fluid shown in Figure C.2a has an Ohnesorge number below the critical
value Oh∗ = 0.2077 [95], indicating that breakup is dominated by an inertia-
capillary balance. The effect of inertia is clear from the shape of the filaments
as the inertial stress shifts the pinching point in the axial direction from
the centre towards the stagnant drops. The location of the pinching point
guarantees that a large satellite drop is formed in the centre after breakup. The
one-dimensional approximation however does not capture the overturning of
the profile that is generally observed during inertia dominated pinching (see
Figure 2.10) [89, 96]. The most viscous fluid, presented in Figure C.2c, displays
symmetric pinching that agrees with visco-capillary balance where the filament
thinning is unaffected by inertia. The shape of the thread resembles the image
of a viscous silicon oil filament shown in Figure 2.11a. The filament breaks
in the middle between the droplets suggesting that no satellite droplet is formed.
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Figure C.2: Simulations of capillary breakup of Newtonian filaments with
varying viscosity indicated with a global Ohnesorge number of (a) Oh = 0.1,
(b) Oh = 0.4 and (c) Oh = 1.8. The dimensionless time to breakup is indicated
in each figure.
The formation of a satellite droplet can also be deduced from the velocity profile
that is shown in Figure C.3. The more viscous filament exhibits a symmetric
velocity curve that reveals flow from the centre towards the droplets. The
maximum velocity is found halfway between the centre and the intersection
of the filament with the static droplets, in which the velocity returns to zero.
In contrast, the low viscous fluid has two pinching points close to the static
droplets. The velocity of this fluid is clearly higher than for the former fluid,
which suggests that the filament thins significantly faster. The fluid near the
pinching points is not solely draining into the large fluid reservoirs, but there is
also a strong flow from these pinching points back to the centre of the filament.
Hence, a large amount of fluid is trapped in the filament and will form a large
droplet after pinch-off.
ONE-DIMENSIONAL NAVIER-STOKES EQUATION FOR THIN FILAMENTS 175
Figure C.3: The velocity (full lines) and radius profiles (dashed lines) of two
thin filament with different viscosity just before pinch-off at the same minimal
radius hm = 0.007.
Figure C.2b shows the evolution of thin filaments of a third liquid with an
intermediate viscosity. The shape of the threads initially resembles that of the
more viscous fluid. However the symmetrical shape disappears near pinch-off
as minimal radius shifts towards the static drops, indicating an inertial effect.
This fluid has a similar Ohnesorge number as the experimental thread in Figure
2.9a and exhibits the universal inertia-viscous scaling before breakup [90]. This
vertical shift of the necking point generates a satellite drop with a much smaller
volume than in the case of inertia-capillary thinning.

Appendix D
Technical drawings of the
tube lens
This appendix provides some additional technical information on the design of
the tube lens that is discussed in Section 4.1.2. The tube lens was constructed
with optical components from Thorlabs. Figure D.1 shows an exploded view of
the lens design, so the individual parts can be distinguished. A summary of these
parts is presented in Table D.1 and a technical drawing is displayed in Figure D.2.
Some practical remarks on the lens assembly:
• The internal threads of the lens tube differs from the C-mount thread of
the camera and the RMS thread of the Olympus objective. The necessary
adapters are included in the design, but must be removed when attaching
the end caps for dust-free storage of the lens.
• In order to position the bi-convex lens at a distance of 175 mm of the
camera sensor, two basic lens tubes are combined with an adjustable
focussing tube. The latter component allows a length variation of nearly
one inch to obtain the proper tube length. The fine tuning of the tube
length is illustrated in Figure D.2, where the adjustable focusing element
is positioned for the case that the CMOS sensor is located 9 mm inside
the camera.
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Figure D.1: Exploded view of the tube lens. The components are numbered
and listed in Table D.1.
Number Part Number Description
1 SM1A9 C-mount adapter
2 SM1A2 Adapter with external SM1 and internal SM2 threads
3 SM2L05 Lens tube (d = 2”), thread depth = 0.5”
4 SM2D25 Iris diaphragm (d = 2”), lever-actuated
5 SM2L10 Lens tube (d = 2”), thread depth = 1”
6 SM2V10 Rotatable adjustable focussing element (d = 2”)
7 SM2L20 Lens tube (d = 2”), thread depth = 2”
8 SM2A6 Adapter with external SM2 and internal SM1 threads
9 SM1L03 Lens tube (d = 1”), thread depth = 0.3”
10 SM1ZM Zoom housing (d = 1”) with inside
LB1294 Bi-convex lens, 1", f = 175 mm
11 SM1L10 Lens tube (d = 1”), thread depth = 1”
12 SM1A3 Adapter with RMS threads
13 RMS4X Olympus microscopic objective
14 SM1CP1 Internally SM1-threaded end cap
15 SM1CP2 Externally SM1-threaded end cap
Table D.1: Components of the tube lens system.
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Figure D.2: Technical drawing of the tube lens where the zoom lens housing is
hidden to show the bi-convex lens. The distance between the C-mount adapter
and the lens can be varied with the adjustable focusing element in order to get
the required distance of 175 mm between the lens and the camera sensor.
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